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Abstract. In this paper the author discuss the relation between Lagrangian 
Floer homology and Gauge-theory (Donaldson theory) Floer homology. It 
can be regarded as a version of Atiyah-Floer type conjecture in the case of 
5'0(3)-bundle with non-trivial second Stiefel-Whitney class. This is a first 
of a series of papers, where we describe the main results and geometric and 
algebraic parts of the proof. The half of analytic detail was in [F\l5l which was 
published in 1998. The other half will appear in subsequent papers. 
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1. Introduction 

Let M be an oriented 3 manifold with boundary S and £m an SO(3) bundle on 
M such that the restriction of £m to each of the connected components of E is a 
nontrivial bundle. (Namely W 2 {£m) is the fundamental class of E.) We denote by 
fs the restriction of £m to E. Note E is necessary disconnected. 

Let R{M,£m) (resp. R{T,,£^)) be the set of all gauge equivalence classes of 
flat connections of £m on M (resp. on E). Restriction of connections define a 
map R{M,£m) —t i?(E,£x;)- Typically this map is a Lagrangian immersion. More 
precisely we can perturb R{M,£m) so that R{M,£m) — t i?(E,£s) becomes a La¬ 
grangian immersion in a way similar to [Fill 1(b)], [Dll Section 2(b)]. (See also 
m .) Hereafter we write R{M) and i?(E) in place of R{M,£m) and i?(E,£s) 
usually for simplicity. 

In [AJj Akaho-Joyce associated a filtered A^o algebra to a (relatively spin) im¬ 
mersed Lagrangian submanifold L of a symplectic manifold X. In this article we 
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use Z 2 coefficient. Then its underlying module can be taken as 
C'F(L) = iJ(L;A^^)©0(A^=)2[p] 

P 


where the direct sum is taken over all the self-intersection points of L. Here Aq^ is 
the universal Novikov ring . (See (2.3) and |FOOOl| .) 

Our main result is the following. 


Theorem 1.1. (1) The immersed Lagrangian submanifold R{M) is unobstructed 

in the sense of |F()()()1| . [Xj] . Namely there exists a bounding cochain bM 
of the filtered Aoo-algebra CF{R{M)). 

Furthermore there is a canonical choice of bM ■ Namely the gauge equiv¬ 
alence class ofbM is an invariant of the pair {M,£m)- 

(2) Let and {M2, £2) be pairs of 3 manifolds and bundles with com¬ 

mon boundary (S,£) = d{Mi,£i) = d{M 2 ,£ 2 ), such that W 2 {£i\dMi) = 
[dMi], for i = 1,2. Let {M,£) be the pair obtained by gluing {Mi,£i) and 
{—M2, £2) along their boundaries. (Here —M2 denote M2 with orientation 
reversed.) Then we have a canonical isomorphism 

HF{M,£-Kl^) ^ HF{{R{Mi) 

,bMi), {R{M2),bM2))- ( 1 - 1 ) 

Here the group HF{M,£; is the gauge theory Floer homology of the 
closed 3 manifold with (nontrivial) SO{3) bundle £. It is defined in [F12) . 
[BD] . See Definition \5.)\ for the version with Novikov ring coefficient. 

(3) If R{M) —>■ i?(S) is an embedding then = 0. 

Statements (2) and (3) imply the next: 


Corollary 1.2. Let {M,£) be a pair of 3 manifold and SO{S) bundle on it which is 
obtained from {Mi,£i) and —{M 2 , £ 2 ) as in Theorem [13 (2). We assume R{Mi), 
R{M 2 ) are embedded in R{T,). Then: 

HF{M,£) HF{R{Mi),R{M2)). (1.2) 

Here the right hand side is the Floer homology of a pair of monotone Lagrangian 
submanifolds defined by Oh |Ohj . The isomorphism is one between Z 4 periodic I 2 
vector spaces. 


We may regard Corollary 1.2 as a version of SO{3) analogue of Atiyah-Floer 
conjecture |At| . 

Note in case Mi = M 2 = S x [0,1] the isomorphism (1.2) is proved by S. 
Dostoglou and D.A. Salamon in 


Theorem |1.1| together with other results we will explain below realize the project 
the author proposed in |Ful| . |Fu2| . |Fu4| . We like to mention that there were 
various proposals such as |LLW) . [Sa], |Yo| around the same time (early 1990’s). 

To put Theorem o to its natural perspective we first state some other results 
which are more closely related to the project in [Fn2| . We consider the filtered A^o 
category ^ JF{R{Yj)) whose object is {L,b) where L is an immersed Lagrangian 
submanifold and b is the bounding cochain of Akaho-Joyce’s filtered A^o algebra 
associated to L. In the current situation it is one over A^^. 

In case we consider only embedded Lagrangian submanifolds as an object such a 
category JF{R{Y.)) is constructed in |Fu6j and |F0003j . Based on the ideas of 

m we can enhance it to the version including immersed Lagrangian submanifolds. 
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Theorem 1.3. For each {M,£m) which bounds (S,fs) there exists a filtered A^o 
functor ^ {R{T,)) —)■ M’. Here is the differential graded category (in 

the sense of m) whose object is a chain complex. 

The homotopy equivalence classes of this filtered Acx> functor is an invariant of 

We denote this filtered A^o functor by —)■ The 

construction of such functor is explained in |Ful] . [Fu2) . |Fu4| . (See in particular 
[Fu41 Section 4].) A part of such idea is realized by Wehrheim [Wei] and Salamon- 
Wehrheim |SaWe| based on a similar but a slightly different analytic setting. We 
will explain the proof of Theorem |1.3| in Section based on the analytic setting in 
[Fu5j . (Its detail will appear in (FuSj .l 


Theorem 1.4. The filtered A^o functor TLF[m,Sm) homotopy equivalent to the 
filtered A^o functor represented by {R{M),bM)■ 

Let {L,b) be an object of 


Let us elaborate the statement of Theorem 1.4 


J^{R{T,)). Theorem 1.3 associates a group 

HFiiM, £m), {L, b)) = nF(M,SM) (L, b). 

More precisely the right hand side is a homology group of the chain complex associ¬ 
ated to the object (L, 6 ) by the functor in Theorem 1.3 Then Theorem 


1.4 claims the existence of an isomorphism 

HF{(M, £ m ), (L, b)) ^ HF{{R{M, £ m ), 6m), (L, b)). (1.3) 

Moreover this isomorphism is functorial in the following sense. Using the fact 
that TLF(^m,Em) i® ^ filtered A^o functor we obtain a map 

HF{{M, £m), (Li, 6 i)) ® iLF((Li, 6i), (L 2 , 62 )) ^ ilF((M, £m), (L2, 62))- (1-4) 
Then the following diagram commutes. 

HFiiM, £ m ), (Li,61)) 0 HFiiLubi), (L2,62)) - 


iLF((i?(M), 6 m), (Li, 61 )) (g) LrF((Li, 61 ), (L 2 , 62 )) 


A LIF((M,Lm),(L 2 , 62 )) 

1 

A HFiRiM,£M),iL2,b2)) 
Here the horizontal arrow in the second line is the composition of the morphisms in 
the filtered A^o category J^^(i?(E)). The vertical arrows are induced by (1.3). 

We remark that we need to show the commutativity of similar diagrams including 
higher multiplication operators to obtain an Aoo functor and prove Theorem |1.4| 
See [Fu 6 [ Definition 7.1] for the definition of the notion of filtered A^ functor. See 
[Fu61 Definition 7.31] for the definition of the notion of representable filtered Ago 
functor. 

The existence of the Aoo functor in Theorem 1.3 is |Fu4l Theorem 4.8*]. Here 


* was put to the number of theorems in [Fu4j according to the rule mentioned in 
[Fu4j page 8 second paragraph, that it, ‘Since we postpone the analytic detail to 
subsequent papers, we put * to the statements which will be proved in subsequent 
papers.’ 

It is the understanding of the author that an Aoo functor of a similar nature in 
a related context of Heegaard Floer theory of Ozsvath-Szabo is now established, 
based on more combinatorial method. (See for example iLUrj.) The author believes 
that there is a similar story as those in this paper in the case of Seiberg-Witten 
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Floer theory, which implies, for example, the coincidence of Seiberg-Witten Floer 
homology and Heegard Floer homology. 

Note Theorems 1.4 and 1.1 (2) together with Aoo analogue of Yoneda’s lemma 
f [Fu61 Theorem 8.4]. See also |Le|.l implies the next corollary. 

Corollary 1.5. Let be as in Theorem o (2). Then we have 

Here the right hand side is the homology group of the chain complex consisting of all 
pre-natural transformations from the filtered A^o functor TLFto HF 
which is defined in [Fii61 Definition 7.49] and |Fii4l Definition 10.1]. 


Corollary 1.5 is [Full Conjecture 5.24], |Fu21 Conjecture 3.3] and |Fu61 Conjec¬ 
ture 8.9]. (More precisely it was conjectured there that a particular map defined 
there gives this isomorphism. We can show the statement in that form also.]Q 

As we mentioned already M = S x ]0,1] is an example where = 0- In fact 
R{M) is embedded in R{dM) = as a diagonal. The author has no doubt 

that there are plenty of examples where 0. A possible way to cook up such 

an example is as follows. 

We pretend that the result of this paper holds for Q-coefhcient in place of Z 2 - 
coefhcient. We take Mi = E x [0,1]. Let M 2 be the connected sum of Poincare ho¬ 
mology sphere and Poincare homology sphere with orientation reversed. It is proved 
in [Fu3[ Proposition 5.5] that SU{2) Floer homology of M 2 vanishes over Q. So it 
seems very likely that 'HJ^(Mi#M 2,£) is represented by the diagonal i?(E) C i?(S)^ 
over Q coefficient. Here £ is the (unique) SO(3) bundle such that W 2 {£) is the gen¬ 
erator of i72(A7; Z 2 ) = Z 2 . On the other hand, using the fact that the fundamental 
group of the Poincare homology sphere has 2 irreducible representations over 50(3), 
the space R{AI) has many connected components. (4 connected components dif- 
feomorphic to 50(3) x 50(3) x i?(E), 4 connected components diffeomorphic to 
50(3) X i?(E), and one connected components diffeomorphic to i?(E).) Because of 
50(3) factors, the space R{M) is not of correct dimension. (Namely its dimension 
is different from dimi?(9M)/2.) After perturbation we have still many connected 
components corresponding to the generators of 75(50(3)^), 75(50(3)) etc.., each 
of which can be taken to be diffeomorphic to 7?(E). The image of them in R{dM) 
all can be taken to be the diagonal. We can perturb so that those components 
intersect transversally to each other. We thus end up with a complicated configu¬ 
ration of the embedded Lagrangian submanifolds whose connected components are 
perturbations of the diagonal (and are embedded). The union of such Lagrangian 
submanifolds is regarded as an immersed Lagrangian submanifold. Together with 
bounding cochain 6 m this immersed Lagrangian submanifold must be Q-coefficient 
Floer theoretically equivalent to the diagonal. Therefore 6 m can not be 0 over Q. 

In this example there are ASD connections on M 2 x K, which gives cancellation 
over Q of the generators in the Floer’s chain complex of M 2 . Those ASD connections 
are not visible from the space R{M). The bounding cochain 6 m however ‘remember’ 
those ASD connections. 

The author studied the problem we discuss in this paper in 1990’s. There are 
long blank before he restarted it, in this year 2015. During this blank the author 


^We need to invert the formal generator T of the Novikov ring to prove Corollary 
Aoo Yoneda’s lemma is proved only after inverting T. 


1.5 


because 
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had not been working on this project. In 1990’s the present author was close to 
constructing an A^o functor, 'HJ-(m,Sm) ■ {R{Yi)) —>• in a series of 

papers such as |Ful| . |Fu2j . |Fu4j . [Fu5| . In this paper we slightly changed the 
formulation of the construction of this functor. However the changes are mostly 
due to the development of the Lagrangian Floer theory in last 20 years and are not 
due to one on the gauge theory part of the story. We apply the language of hltered 
Aoo algebra, a module over it, and filtered Aoo category, which we have developed, 
especially in |F0001) . |F0002) . |Fu6j . We also include immersed Lagrangian 
submanifolds into the story, based on the work by Akaho-Joyce m- To include 
immersed case is essential to formulate Theorem |l.l| (l). Especially it is also crucial 
for the representativity of the functor 'HR{m,Sm)- 

Around the time when |Fu5] was written, the author was on the way in estab¬ 
lishing and writing up the detailed construction of the moduli spaces which we use 
in this paper. In fact [Fu5) proved compactness and removable singularity theorem 
of those moduli spaces. The most important piece of analytic results which was not 
included in [Fu5| is Fredholm theory, that is, a construction of appropriate Fred¬ 
holm complex which provides the linearization of the nonlinear equation we study. 

El 

The author stopped working on this project for a long time because he could not 
figure out the way to prove the most important part of the project, which consists 
of Theorem o of present paper. Especially he was unable to find a way to prove 
gluing result, that is, Theorem [Tt] (2). (A gluing result similar to Theorem o 
(2) was stated as Conjecture 8.9 and not as Theorem 8.9* in [Fu4) .'l In 1990’s the 
author did not know, either, an appropriate condition under which the relative Floer 
homology functor 'HR{m,£m) determined only by the Lagrangian submanifold 
R{M). Theorem 0 (3) says that the relevant condition is that R{M) —>■ i?(E) is 
an embedding. Since the author thought that those key issues were yet very hard 
to attack at that stage he did not work on this project during 1999 - 2014 and 
concentrated in working out symplectic geometry side of the story. 

Meanwhile Wehrheim’s paper |Wel] appeared. It provides analytic results on a 
similar moduli space. It is used by Salamon-Wehrheim [SaWe] for a part of the 
construction of the functor RR(m,£m) ■ ^{,R{'Cj)) —>■ 

The argument which we explain in Sections of present paper resolves the 
points the author could not go through in 1990’s. So we can now prove the results 
claimed in this section, using the basic properties of the moduli space introduced 



The author is aware that Lipyanskiy have been studying gauge theory Floer 


homology and Atiyah-Floer conjecture ( |Ly| ). 

Now it’s the time to complete the project we started 20 years ago. 


^The reason why the author stopped working on this project during 1998-2014 is not because 
he could not find the way to work out the Fredholm theory. 
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2. FlOER homology of 3 MANIFOLDS WITH BOUNDARY AS A FILTERED Aoo 
FUNCTOR; REVIEW WITH UPDATE 


In this section, we explain the construction of the filtered A^o functor, [m,Sm) • 

—>■ The construction is in principle the same as those in 

(More precisely it is minor modification of [Fu4[ Part 1: geom¬ 
etry]. The other part, |Fu4l Part 2: algebra] was rewritten and was published as 
[Fu61 Chapter 2].) We however apply the language developed in the past decades 
systematically for the discussion in this section. 


Situation 2.1. M is a 3 manifold with boundary S and £m is an 5'0(3)-bundle 
on M such that £^ = £m|e is nontrivial on each of its connected components. 

We assume R{M, £m), the set of the gauge equivalence classes of flat connections 
of £m, is a smooth manifold of dimension tdimi?(E) and the restriction map 
*R(M) : R{M, £m) .R(E,£e) is a Lagrangian immersion with transversal self 

intersection. (More precisely we assume that H^{M,dA) = T[a]R{M,£m)-) 


Note we can relax the second half of the condition by perturbing appropriately. 
In this article we omit the argument to do so for simplicity. 

Let L be another immersed Lagrangians submanifold of i?(E) with transversal 
self-intersection. We write ii, : L ^ R{'^) the immersion with image L. We consider 
the module 

CF(L) = C(L;A^^)©0A^^[p,g]. (2.1) 

(p.i) 

Here the direct sum runs on the pair of points (p, q) € such that p q and 
= ih^q)- In other words we associate two generators to each of the self 
intersection points, following |Akj . m- 

Here and hereafter C(L; Aq^) is a chain model of the (singular) cohomology of 
L. There are various possible choices of the chain model. For example we can take 
(7(1/; Aq^) = iJ(L; Aq^), the (co)homology group itself. (Here CF stands for Floer 
chain complex.) 

We remark the following isomorphism: 

CF{L)^C{Lxn(^^L;Af). ( 2 . 2 ) 


Remark 2.2. We can generalize the story of m to the case when self-intersection 
is not necessary transversal but is clean, by taking (2.2) as the definition of CF{L). 


We denote by Aq^ a universal Novikov ring with Z 2 coefficient. (See |F0004l 
(1.3)].) Its element is a formal sum 


2 = 0 


(2.3) 


where 0 = Aq < Ai < • • • f 00 and Oi G Z 2 . 

Akaho-Joyce (generalizing [FOOPlj l defined a series of operators 

mfc : CF{Lf'^ CF{L) 


using appropriate moduli spaces of pseudo-holomorphic polygons (See Figure 2.1), 
and showed that ((7F(L), {mfc}) becomes a filtered A^o algebra. (See |F00011 
Definition 3.2.3] for the definition of filtered A^o algebra.) 
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poWj 



Figure 2.1 

Note mo is included. In other words, our filtered Aao algebra is curved, in 
general. We remark that our symplectic manifold R{Y,,£^) is monotone. Therefore 
Lagrangian Floer theory works over Z 2 coefficient by |F0005| . Note in |F0U05| 
we discussed the case of embedded Lagrangian submanifold. However we can easily 
combine its argument with m to include the immersed case. We also remark that 
in [F0005] we assumed that the ambient symplectic manifold is spherically positive 
but did not require any condition for its Lagrangian submanifold. A montone 
symplectic manifold is spherically positive. 

We denote by M{L) the set of all the bounding cochains of {CF{L), {mfc}), that 
is, an element b of CF{L) 0^22 such that 


..., 6 ) = 0 . 


(2.4) 




Here is the maximal ideal of Aq^ consisting of formal sum (2.31 with Aq > 0. 
We put 




E 




^O>0,fi>0,...,ffc>0 


{CF{L), {m^}) is again a filtered algebra and mj) = 0 is equivalent to (2.4). 

We refer the reader [FOOOll Chapter 4] for homological algebra of bounding 
cochain. 

We assume that L is of clean intersection with the Lagrangian immersion '■ 

R{M) —>■ i?(E). Namely we assume that 


Im(T2,i?(M)) n Im(TyL) C 

has locally constant rank for {x, y) S R{M) Xjky,) L with z = iR(M){x) = iL{y) and 
that this rank coincides with the dimension of the submanifold R{M) A of 

R{M) X L, which we assume to be smooth. (Including the case when the intersection 
is clean but not transversal is important in the discussion of Section i) 

We consider the fiber product R{M) Xfl(s) L, which is a smooth manifold by 
assumption and put 


CF{{M,£m),L)=C{R{M) Xr(e) L] Aq^). 


(2.5) 
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Here the right hand side is a chain model of ordinary cohomology with Aq^ coef¬ 
ficient. We define a structure of filtered right module on the graded vector 
space CF{{M,£m), L) over the filtered Aoo algebra {rrife}), following and 

extending the idea of [Fulj . |Fu2) . [Fu4) . Note such a structure by definition assigns 
a series of operators 

nfc : CF{{M, £m), L) ® ^ CF{{M, £m),L) (2.6) 


which satisfies the relation 

k 

nk-i{nt{y] xi,..., xt)] xt+i, ...,Xk) 

e=o (2.7) 

^m— 1 Xk) = 0 . 

0<^<m<fc 

(See [FOOOll Section 3.7.1]. Note there it was discussed the case of C 1 -C 2 filtered 
Aoo bimodule D. The case of right filtered Aoo module is its special case where Ci 
is Ag.). For [6] e M{L) we define d!’ : CF{{M,£m),L) —^ CF{{M,£m), L) by 


d\y) = y^nfc(y;6,... ,6). 


/c=0 


(2.4) and (2.7) imply that 

d'’ o d'' = 0. 

(See |F0001[ Lemma 3.7.14].) We now define a Ag^ module 

Ker (fi 


HF{{M,£M),mb)) = 


Im (F 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


In the rest of this section we explain the construction of the maps n^. 

We take a Riemannian metric on M such that there exists a compact subset Mg 
and an isometry 

Af\Mg^(-l,l] XS, 

where dM = S corresponds to {1} x S. Here the metric of the right hand side 
is the direct product metric with a Kahler metric gs on E. We fix g^: hereafter. 
Note gs determines a complex structure of i?(E). We take a smooth function 
X : (-1, 1] —)> [0,1] such that x(s) = 1 on a neighborhood of {—1} and 


{s 1 x{s) = 0} = [0,1]- 


We also assume 


X(s) = 


- 


for s G (—e, 0). 


We consider the ‘ ASD-equation’ of 4 manifolds M x K with respect to the singular 
metric 

f5 m + dt^ on Mg X K 

tx(s)^5s + ds^ + dF on (M \ Mg) x K. 


g = 


( 2 . 11 ) 


Note we identify 

M\Mg ^ E X (-1,1] X R 

and use s (resp. t) for the coordinate of the (—1,1] (resp. R) factor. 
Since the metric g is singular the ADS equation 


+ *g^a — 0 


(2.12) 
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does not make sense. Here 21 is a connection of the SO{3) bundle £m x K, 
its curvature, and *g is the Hodge * operator of the ‘metric’ g. However we can 
make sense of the equation (2.12) as follows. We write the restriction of 21 to 
M\Mo = ^x (-1,1] X 


as 


21 = H + ^ds + 'i'dt 


(2.13) 


where A = A{s,t) is a {s,t) £ (—1,1] x K parametrized family of connections of 
and di are (s,t) £ (—1,1] x K parametrized families of the sections of so(3)- 
bundle associated to by the adjoint representation of SO{3) on so(3). Then 
on the domain S x (—1, 0) x K where g is indeed a Riemannian metric and (2.12) 


makes sense, we can rewrite Equation (2.12) as follows. 


dA (dA 

—-d^<I>)=0, 




^ fd^ d<^ \ 


(2.14) 


See |DS) . |Fu5) . We observe that Equation (2.14) makes sense also when x(s) = 0. 
In that case we may regard the solution of (2.14) as a holomorphic map [0,1] x K —)■ 


i?(E) as follows. When x(s) = 0, the second equation means that the curvature 
of the connection A (of £s), is 0. Namely A{s,t) is a flat condition. Therefore 
(s,t) I—)■ [H(s,t)] defines a map [0,1] x M —)■ i?(E). The first equation implies that 
this map is holomorphic as follows. Note ^ and ^ — dA^ are dy^-closed 

forms since A{s,t) is flat for (s,t) £ (0,1] x M. Therefore the first equation implies 
that ^ and ^ are both harmonic. (Namely they are both dA and 

d\ closed). They represent the s (resp. t) derivative of our map {s,t) '->■ [^^(s,^)]. 
The tangent space t)i?(E) is identified with the set of harmonic forms. The 
complex structure of i?(E) is obtained by the Hodge on harmonic forms. (See, 
for example, |Fu5l Section 2].) Thus the first equation implies that (s, t) i-A [^(s, t)] 
is holomorphic. 


The operator (2.6) is obtained by ‘counting’ the order of certain moduli space 


of solutions of (2.12), (2.14) with appropriate boundary conditions, which we will 
describe below. We first discuss the case when L is an embedded Lagrangian 
submanifold and will explain its generalization to the immersed case later. 

Let 21 be a solution of (2.12),( 2.14[ ). (Namely we require (2.12) on Mq x K and 
(2.14) on (M \ Mq) x M.) We define the energy £"(21) as follows. 


£(2l) = [ 


(M\(Ex[0,l)))xI 




/ ( 

du 

2 

du 

/[0,l)xR V 



'm 


dsdt. (2.15) 


Here Hg is the volume form of the metric g and we define u by u(s, t) = [H(s, f)] £ 
i?(E). The norm appearing in the second term of the right hand side is the norm 
of the vector. The norm is induced by the metric obtained by using g^,- See |Fu51 
Section 2]. 

Hereafter we write 

llVnf = 

We assume that L is of clean intersection with R{M). Let Ri and i ?2 be con¬ 
nected components of the fiber product R{M) Xfl(s) L. We consider the connection 


du 

2 

du 

ds 

+ 

m 
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21 solving ( 2 . 12 ), (2.14). As we explained above (s,t) i-A [A(s,t)] defines a holomor- 
phic map [0,1] x K —)■ i?(E). We consider the following boundary condition^ 


Condition 2.3. There exists a smooth map 7 : (— 00 , + 00 ) —>■ L such that 

[A(l,t)]=Zi( 7 (t))e A(E). (2.16) 

Here : L ^ R{Yi) \s the Lagrangian embedding . 


See Figure 2.2. 



Figure 2.2 


We have the following: 


Theorem 2.4. Suppose 21 is a solution of (2.12), {2.If). We assume that its 
energy is finite. Then there exists a gauge transformation g € Aut(£M x K) and 
a_, o_|_ G R{M) with the following properties. 

( 1 ) limt_>oo 5 * 2 l|Mx{t} =a+, and g*^\Mx{t} = a_. 

(2) If A[s,t) is obtained by the restriction of^ to T, x {(s,t)} then [A(l,t)] = 

lit)- 

(3) limt_,._ooiL(7(i)) = [o-ls]) limt_>+oo iL(7(i)) = [a+ls]- 

Here [*] stands for the gauge equivalence class of the connection *. 

We did not specify the ratio of the convergence in Theorem 2.4 (1). Actually we 
can prove that there exist positive numbers Ck, Ck such that: 

\\9*^\Mx{t} - a±\\c^ < (2.17) 


We remark that (2.17) implies that the convergence in item (3) is also of exponential 
order. 


Remark 2.5. We postpone the proof of Theorem 2.4 to [Fu7) . |Fu 8 ] . 

In the case when M has no boundary and R{M) is zero dimensional, Floer 


m proved Theorem |2.4| together with the estimate ( |2.17[ ). In the case M has no 
boundary and R{M) is of Bott-Morse type, that is, the critical points set R{M) 
of the Chern-Simons functional is of Bott-Morse type, Theorem |2.4| together with 


the estimate (2.17) is proved in |Fu31 Lemma 7.13]. See also |MMR | . where (in the 


In case L is immersed we need to set a boundary condition a bit more carefully. See Definition 


2.23 (6), (7). 
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case M has no boundary) Theorem 2.4 is proved without assuming that R{M) is 
clean in the Bott-Morse sense. (In that generality the estimate (2.171 is false.) We 
need certain modification of the proof of |Fu3| to prove Theorem 2.4 and estimate 

A similar result is proved in [SaWel Theorem 5.1] in a slightly different setting. 
We now define: 

O 

Definition 2.6. We define the moduli space Ai{{M,£), L; R-, R+; E) as the set 
of all the gauge equivalence classes of 21 such that: 


(1) 21 satisfies ( [2T^ , ([2T4]). 

(2) There exists 7 : (— 00 , + 00 ) 


L such that Condition 


2.3 


is satisfied. 


(3) Let a_ and a+ be as in the conclusion of Theorem 2.4 Then 

€ R—t a_|_ € 7?_|_. (2.18) 

(4) £(2l) = E, where the left hand side is the energy defined by (|2.15|). 

00 

Ai({M,£), L; R_, E) has a natural R action defined by the translation on M di- 

00 2A 

rection. We denote by At ((M, £), L; R-,R+; E) the quotient of Af ((M, 5), L; R-,R^;E) 
by this R action. 

In the same way as IF12[ l(b)l, IDll Section 2 (b)], we can perturb our equation 

00 

(2.12 1 , (2.141 on MgxR (that is, at the gauge theory part) so that Af ((M, £), L; i?_, i?+; i?) 

00 

becomes a smooth manifold. Hereafter in this paper we denote by A1((M, £),L; i?_, R+;E) 
this perturbed moduli space. 

00 

We next describe a partial compactification of L; R-, R+; E). Our 

compactihcation is a mixture of Uhlenbeck compactification in the gauge theory 
side and of stable map compactification in the (pseudo)holomorphic curve side. 

Let H be a bordered nodal curve such that: 

Condition 2.7. (1) contains (0,1] x R as its irreducible component. 

(2) £t \ ((0,1] X R) is a finite union of trees of sphere components attached to 
(0,1) X R and a finite union of trees of disk components attached to {1} x R. 

For each tree of disk or sphere components, its root is by definition its intersection 
with (0,1] X R. Note disk components in Condition 2.7 (2) may contain a tree of 
sphere components attached to it. 




























12 


KENJI FUKAYA 



Figure 2.3 


We consider a pair (fi,u) where satisfies Condition 2.7 and m is a map : 
i?(S) which satisfies the next condition. 


Condition 2.8. (1) There exists a continuous map 7 : cir2\{boundary nodes} — >■ 

L such that u{z) = o 'y){z). 

( 2 ) u is holomorphic on each of the irreducible components of and is contin¬ 
uous on n. 

(3) (n,M) is stable. Namely the set of all maps v : ft —>■ ft satisfying the next 
three conditions is a finite set. 

(a) 1 ; is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on (0,1] x M C n. 

(c) uo V = u. 


Definition 2.9. We define the set M{{M,Em),L]R-,R+]E) as the set of all 
equivalence classes of ( 21 , 3 , to, ft, u) satisfying the following conditions. 


( 1 ) 

( 2 ) 


(3) 


21 is a connection of Em x R satisfying equations ( 2 . 12 ), ( |2T4| . 

3 = ( 31 ,... , 3 mi) is an unordered m-i-tuple of points of M \ (S x [ 0 , 1 ]) x K. 
We put II 3 II = mi. We say the subset { 31 ,... ,3mi} C M \ (S x [0,1]) x M 
the support of 3 and denote it by | 3 |. We define multi : I 3 I — >■ Z>o by 
multi(a:) = \ Zi = x} and call it the multiplicity function. 


tu = (roi,.. 
Ilroll = m2. 


, to. 


J is an unordered m 2 -tuple of points of {1} x K. We put 


We say the subset {toi 


, fOmsI C {1} X M the support of to. 


(4) 

(5) 

( 6 ) 


We define multi : |rD| 
multiplicity function, 
ft satisfies Condition 2.7 


Z>o by multi(a;) = ff{i \ Wi = x} and call it the 


{ft,u) satisfies Condition 2.8 
For {s,t) G 


( 0 , 1 ] 


C we have 

[A(s,t)] = u{s,t). 


Here A{s,t) is obtained from 21 by (2.13). 


(7) The energy of (21, 3 , to, H, u) which we will define in Definition 2.10 below 
is E. 

( 8 ) Definition |2.6| (3) holds. 

The equivalence relation is defined in Definition |2.11| below. 
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Figure 2.4 


Definition 2.10. Suppose (21, tu, 12, u) satisfies (l)-(6) of Definition 2.9 We 
define its energy £^( 21 , 3 , to, 12 , u) by the next formula: 


£( 21 , 3 , 03 , 12 , 14 ) = f 

J(. 


(M\(i:x[0.1)))xIE 




+ j IIVitjpdsfit + 27r^||3|| + 27r^||rD|| 
Js 


(2.19) 


Definition 2.11. We say (2li,3i, 1 x 12 ,12i, iii) is equivalent to ( 2 I 2 , 32 , 0 ) 2 , ^^ 2 , ^ 2 ) if 
the following holds. 

(1) There exists a gauge transformation g such that g*^i = 2 I 2 . 

(2) 3i = 32- n3i = 032- 

(3) There exists a map ii : 12i —> 122 such that: 

(a) II is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on (0,1] x K C 12. 

(c) U 2 o V = Ui- 


O 

We define a topology on M{{M, £), L; R_, R^; E) by combining the topology of 
Uhlenbeck compactification and stable map topology as follows. 


Definition 2.12. Let [2l„, 3 „, n3„, 12„, ii„] be a sequence of elements of the set 

O O 

L] R_, R^; E) and [21, 3 , to, 12, u] G M{{M, £), L-R_, R^] E). We say 
[ 2 lnj 3 n, tDn) ^n, M„] converges to [ 21 , 3 , to, 12 , u] if the following holds. 

(1) Let I 3 I C (MxIR)\(I]x [0,1] xM) be the support of 3 . We require that there 
exists a sequence of gauge transformations gn such that 5 jl[ 2 l„ converges to 
21 in compact C°° topology on (M x M) \ (E x [ 0 , 1 [ x K) \ | 3 |. 

(2) For e > 0 we denote by 12„(e) C 12„ the domain E x [e, 1] x M together 
with all the trees of sphere and disc components of 12 „ whose roots are in 
E X [e, 1] X M. We define 12(e) C 12 in the same way. 
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Then, for any e such that the root of sphere components of (il, u) are 
not on {e} x K, we require (r2„(e),M„) converges to {fl{e),u) in stable map 
topology, which is defined in the same way as |FOnl Definition 10.3]. 

(3) Let X G l^j. Then for each sufficiently small e > 0 the next equality holds. 
Here multi is the multiplicity function and (x) is the metric ball centered 
at a: in M X M. 


27 r^multi(a;) 



IITail! 


= lim 

n—>-oo 


( ^ 27 r^multi(?/) + 

\yGB,(s)n|3„| 






( 2 . 20 ) 


(4) Let a; S Itol C {0} x M. We define D^{x,i) i = 1,2,3 and Ile(a;, 4; D), 
D^{x,i;V,n) as follows. 

(a) D^{x, 1) = S X {D^{x) n ([—1,0) x K)). Here D^{x) is the metric ball 
centered at x in [—1,1] x K. 

(b) D^{x, 2) = ({0} X K) n D^{x). 

(c) D^lx, 3) = ((0,1] X K) n D^{x). 

(d) Ile(a:,4;H) is a subset of ft and is the union of D^{x,3) and the 
trees of sphere components are rooted on D^{x,3). The definition 
of Zle(a;,4;H„) is similar. 

We then require the next equality for sufficiently small positive numbers e. 


27 r^multi(a:) 


' De(x;1) 


||Fafng + 2 


’ De (a:,4;r2) 


\Wu\\^dsdt 


= lim 

n—>-oo 


27 r^multi(j/) + 

i/G£>e(a;,l)n|3„| 






( 2 . 21 ) 


+ 




I Vulpdsdt - 


E 

yGDcix,2)n\mr 


27r^multi(2/) 

I 


) 



V 


Figure 2.5 
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Remark 2.13. This topology is a combination of the topology of Uhlenbeck com- 
pactihcation defined in |D2l page 292] and the stable map topology introduced in 
|FOn[ Definition 10.2]. 

The unordered hnite set j plays the role to record the total mass of the bubble in 
the gauge theory side. It appeared in Uhlenbeck compactification in gauge theory. 

The unordered set tu plays the role to record the total mass of the bubble which 
occurs on the line {0} x K. The bubble on this line is studied in detail in |Fu5| . 
Note this is a subset of {0} x K and is not a subset of E x {0} x K C M x M. 
Actually we can not specify where bubble occurs onEx{0}xKcMx]Rby the 
following reason. Let x G {0} x M. The sequence 2l„ determines a sequence of maps 
Un : Bx{e)\a, finite set —>■ i?(E) which is holomorphic. (See [Fu51 Lemmata 5.5 and 
4.22].) Even in case is defined at x the limit of may not be dehned at x. 
Namely the bubble in the symplectic geometry side may occur on the line {0} x K. 
In such a case the connection 2l„ may diverge everywhere on E x {0} x {t}. 

Item (4) also takes into account the following phenomenon. There may be a 
sequence of trees of sphere components of whose roots are (s„, tn) where > 0 
converges to 0 and converges to t. Then in the limit this sequence of sphere 
components moves to (0, <), which lies on the line {0} x K. Therefore the limit is no 
longer contained in D. In this case, we take (0, t) as a part of to and its multiplicity 
is the limit of the symplectic area of those trees of the sphere components. 

It may also happen that some of the points of converges to E x {0} x K. In 
that case it will become one of the points of to, forgetting the E factor. 


Definition 2.14. A4{{M,£),L;R_,R^;E) has an M action by translation along 

O 

the M factor. We denote by M{{M, £), L; i?_, i?+; E) the quotient space with quo¬ 
tient topology. 

We define a continuous map 


ev± : ^ R± (2.22) 


by using Definition |2.9| (8). 

We dehne M{{M, £), L; i?_, i?+; E) as the disjoint union of fiber products: 


M{{M, £), L; i?_, i?i; Eg) x^j^ M{{M, £), L; i?i, i?2; Ei) ... 

■ ■ • AI((M, £), L; Rfi E) Xr^ A4((M, £),L-,Ri, R+-,Ei) 


(2.23) 


where 


E = Eq + El + ■ ■ ■ + El, 


(2.24) 


Ri, 
Theorem 


Ri are connected components of R{M) Xr^ L and £ = 0,1, 2,.... Using 
we can define a topology on M{{M,£),L;R-,R+-,E) in the same 


2.4 


way as [FOOOll Section 7.1.4]. 
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Figure 2.6 

Theorem 2.15. A4{{M,£), L; R-, R+; E) is compact and Hausdorff. 

The compactness follows from Uhlenbeck compactness in gauge theory side 
f |Uhlj . |Uh2p . Gromov compactness in symplectic geometry side l|Grj. See for 
the case of moduli space of pseudo-holomorphic disks and |FOn[ Theorem 11.1] for 
the way to adapt the proof to the case when a particular version of the topology is 
used in the pseudo-holomorphic curve side, that is, the stable map topology.) and 
[Fu51 Theorems 1.6, 1.7 and 1.8]. The Hausdorff-ness can be proved in the same 
way as the proof of |FOn[ Lemma 10.4]. 

To describe the boundary of M{{M, £), L; i?_, R+; E) we include boundary marked 
points. 


Definition 2.16. We consider (2t, 3 , to, fl, u, z) such that: 
(1) 21 satisfies Definition 2.9 (1). 


(2) 3 satisfies Definition 2.9| (2). 

(3) 

(4) 


to satisfies Definition 2.9 
z = (zi 


(3). 


,Zfc). Zi lies on dE. Namely it lies either on { 1 } x K or on the 
boundary of one of the disk components. None of Zi is a nodal point and 
Zi ^ Zj for i j. (zi,..., Zfc) respects counter clockwise orientation of dfl. 

(5) D satisfies Gondition |2.7| 

( 6 ) (D,u) satisfies Gondition |2.8| except (3), which we replace by the stability 
of (n, u, z). Namely the set of all maps u : D —>■ fl satisfying the next three 
conditions is a finite set. 

(a) u is a homeomorphism and is holomorphic on each of the irreducible 
components. 




















FLOER HOMOLOGY OF 3-MANIFOLDS WITH BOUNDARY 


17 


(b) V is the identity map on (0,1] x K C Jl. 

(c) uo V = u. 

(d) v{zi) = Zi, z = 1,..., fc. 

(7) Definition |2.9| (6)(7)(8) hold. 

We can define equivalence among such objects by modifying Definition |2.11| in an 
obvious way. 

O 


Let L; R-, R+-, E) be the set of equivalence classes of such objects. 

We can define a topology on it by modifying Definition 2.12 in an obvious way. 

O 

Let R-, R+-, E) be its quotient space by M action. 

Replacing (2.23) by 


Mko{{M, £), L] R-, Ri; El) Xji^ Mki{{M,£), L; Ri, R2', E 2 ) ... 


■ ■ ■ XRi_i Mki_i {{M, £), L; Eg^i) 

Xri Mki{{M,£),L;Rg,R^;Ei), 


where fcp + fci + • • • + = fc, Eq + ■ ■ ■ + E^ = E, and Ri, ... ,Ri are connected 

components of R{M) L, we obtain Mk{{M,£), L; R_, R^; E). 

The space Mk{{M,£), L; R_, R^; E) is compact and Hausdorff. 

There exists an evaluation map 


ev = (evi,... ,evfc) : Mk{{M,£), L; R_, R+-E) 


(2.26) 


other than ev_ and ev+. (See (2.22) for ev±.) If (21,3, to, fl, u, i*) is an element of 

O 

Aik{{M,£),L-,R-,R+-E) then, by definition 


evj([2l,3,tu,fl,zz, z]) = u{z^). 


(2.27) 


We use the compactified moduli space of pseudo-holomorphic disks in the next 
theorem. Let /3 G i72(7?(S),L;Z). We denote by Mk+i{L; 13) the compactified 
moduli space of pseudo-holomorphic disks bounding L with fc -I- 1 boundary marked 
points and of homology class /3. (See |FOOOll Definition 2.1.27] for its precise 
definition.) We have an evaluation map 

ev = (evo,..., evfe) : Mk+i{L; j3) . (2.28) 

We put 

Mk+iiL;E)= U Mk+iiL;/3). (2.29) 

p-,ujifj)=E 

Theorem 2.17. The space A4k{{M,£), L; R-, R+; E) has a virtual fundamental 
chain [AIfc((M, £),L\ i?_, E)] such that its boundary d[Aik{{M, £),L; R-, R+; E)] 

is a sum of the virtual fundamental chains of the following two types of spaces. 

(1) The fiber product 

MkA{M,£),L-R_,R;Ei) x r MkA{M,£), L; R, R+; E 2 ), 

where Ei + E 2 = E and ki + k 2 = k. We use ev+ for the first factor and 
ev_ for the second factor to define the above fiber product. 

(2) The fiber product: 

MkA{M,£) 

, Z/,,-R,)evi ^evo MkAL,E2), 
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where Ei E 2 = E, ki + k 2 = k + 1, i = 1,... ,ki. The fiber product is taken over 
L. 






R 






O) 


Figure 2.7 

Remark 2.18. We do not claim that L; R-, R+; E) has a Kuranishi 

structure in the sense of |FOnj or [FOOPlj . This is because our moduli space is a 
mixture of gauge theory and of pseudo-holomorphic curve. It is well known among 
the specialists that Uhlenbeck compactification of the moduli space of ASD connec¬ 
tions does not carry a Kuranishi structure. In Donaldson theory, people, especially 
Donaldson, used the fact that Uhlenbeck compactification has a stratification for 
which the top stratum has dimension higher by 2 or more compared to the other 
strata, in order to define its fundamental class. This fundamental class is nothing 
but the Donaldson invariant ( |D3] 1. 

In our situation, gauge theory is mixed up with symplectic geometry (pseudo- 
holomorphic curve). It seems to the author that the best way to work out transver- 
sality issue is to use virtual technique, eg. Kuranishi structure. 

So we need to work out some generalization of the notion of Kuranishi structure 
which has certain ‘singularity’ at the set of codimension equal to or greater than 2. 
We will provide the detail of the framework for such generalization in [Fu8) (or in 
certain separate paper). 

We also remark that in our situation where i?(S) is monotone, we can work over 
Z 2 coefficient. (See |F0005] .l On the other hand, the author has no doubt that 
one can work out the whole story over Z by carefully studying orientation and sign. 

We also remark that, if we restrict ourselves to the proof of Corollary |1.2[ we can 
avoid using virtual technique. The reason is that the situation we need to study 
for such a purpose is monotone. Especially the Lagrangian submanifold R{M) is 
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monotone if it is embedded. We will work out this part of the story in detail in 

[M]. 

We use virtual fundamental chain in Theorem |2.17[ to define the operation 

■■ C{R{M) XT; Z 2 ) 0 C(L; ^ C{R{M) xT; Z 2 ), (2.30) 

by 

(nfe,_E(y_;xi, .. .,Xk),y+) 

,evi,... ,evfc ,ev^) ^ 

(?/_ X Xi X • • • X Xfc X y+)). 

Here (•, •) in the left hand side is the Poincare duality of R{M) Xfi{s)L, and # is the 
parity of the order of the set G Z 2 . The symbol C'(-) denotes an appropriate chain 
model of the homology group. Then Theorem 1 2.1 7| will imply the next formula: 

0 ={d o nE,k){y; xi,..., Xfc) + {nE,k o d){y;xi, ..., Xk) 

+ X! ’^fc2,E2(nfci.Ei (y; xi,..., XfcJ; x^^+i,... ,Xfe) 


(2.32) 


+ '^'^k^{y]Xl,..., mfc 2 (x*,..., Xi+fe 2 _i),..., Xfc). 


Here the sum in the second line is taken over Ei,E 2 ,ki, k 2 satisfying Ei + E 2 = E 
and ki + k 2 = k. The sum in the third line is taken over i?i, i? 2 , fci, fe, * satisfying 
El + E 2 = E and ki -\- k 2 = k -\-1 and i = 1,..., A:i. 


Note the second line of (2.321 corresponds to Theorem 2.17 (1) and the third 
line of (2.321 corresponds to Theorem 2.17 (2). Therefore, in case we take de Rham 
theory as our chain model, the formula (2.321 follows from Theorem 2.17 together 


with Stokes’ formula l [FOOO^ Theorem 8.11]) and composition formula (' |FOOO^ 
Theorem 10.20]). The way to use Stokes’ formula and composition formula to prove 
a formula like (2.32) will be explained in detail in [F0009) . 

However, as we mentioned in Remark |2.18[ our moduli space do not carry a 
genuine Kuranishi structure but has a singularity of codimension 2 or higher. So 
it seems not easy to use de Rham model. We will explain in detail the particular 


chain model we use for our purpose and the way how we use it to prove (2.32) in 
detail in |Fu8] . or in a separate paper. 

Definition 2.19. We define 


no = 9 + ^ T^no.u, 

E>0 

Hfc = ^ T^nk,E, 

E>0 


k> 1. 


(2.33) 


We thus obtained a system of operations: 

nfe : C{R{M) x^(s) T; A^=) ® ^ C{R{M) T; A^=). (2.34) 

Note we put 

CF{R{M),L) = C{R{M) x«(s) CF{L) = 0(1; A^^). 

Theorem 2.20. The system of operations Uk, k = 0,1,2,... defines a struc¬ 
ture of a filtered A^o right module on CF{R{M), L) over the filtered A^o algebra 


(C'F(L), {iTifc I k = 0,1,2,...}) defined in |F0005j . Namely the equality {'2.7) 
holds. 
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Remark 2.21. (1) Because of the problem of ‘running out’ described in [FOOO^ 

Section 7.2.3] it is actually difficult to construct all the operations n^; at 
once. So we need to construct xie ior E < Eq and use homological alge¬ 
bra to take homotopy limit. Since this argument is now well established 
in |F00021 Section 7] (see also |F0009] 1 we do not repeat it here for 
simpicity. 

(2) To prove the convergence of the right hand side of (2.331 in T-adic topology 
we need the next Theorem |2.22| which is slightly stronger than Theorem 


2.15 The proof of Theorem 


2.221 is the same as that of Theorem 2.15 


Theorem 2.22. For any Eq, the union of the moduli spaces A4{{M,£), L; i?_, E) 
for E < Eq is compact. 


We thus explained the outline of the construction of the filtered right module 
{CE{R{M), L), {rife}) over the filtered A^o algebra {CE{L), {rufe | fc = 0,1, 2,... }) 
in case L is embedded. 

We can extend this construction to the construction of the filtered A^o functor 
'HE{m,£m) ■ t Namely we can define a series of operations: 


fc-i 

Ufe : CF(R(M),Li) ® (g) CF{U, L,+i) ^ CE{R{M), Lk) (2.35) 


which satisfies the same relation (2.71. The proof is similar to the proof of Theorem 
2.20 using the moduli space of objects shown in the figure below. See also |Fu41 


Theorem 4.8]. 




M 



Figure 2.8 

We next describe the way how to generalize the construction to the case when 
L is immersed. Let iL '■ L ^ be a Lagrangian immersion with image L. We 

decompose the fiber product L x ^(m) L into connected components and write 

R ^ = [J Li- (2.36) 

iGl(L) 

Note in our situation where the self-intersection of L is transversal, Li is either a 
connected component of L or one point consisting (p, q) G Lf with p q, iL (p) — 
iL{<l)- In the later case we call Li = {(j),q)} switching component. 
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We also decompose 


R{M)xn^s)L= U R,. (2.37) 

ieI{R{M),L) 


Now we modify Definition 2.16 as follows. Definition |2.23| below is mostly the same 
as Definition 2.16 The difference lies in items ( 6 ), (7) and (11). 


Definition 2.23. Let R+ and i?_ are one of the connected components Ri {i G 
I{R{M),L)). Let i = (i(l),..., i(fc)) where f(l), ..., i(A:) G 7(L). Here I{L) 
(resp. I{R{M),L)) is as in (2.36) (resp. (2.37l). We put |j| = k. We consider 
( 21 , 3 , to, D, u, z) such that: 


( 1 ) 

( 2 ) 

(3) 

(4) 


(5) 

( 6 ) 

(7) 


21 satisfies Definition 2.9 (1). 

3 satisfies Definition 2.9| ( 2). 
to satisfies Definition 2.9 (3). 

z = (zi,..., Zk)- Zi lies on 9E. Namely it lies either on {1} x K or on the 
boundary of one of the disk components. None of Zi is a nodal point and 
Zi ^ Zj if i ^ j. {zi, ..., Zk) respects counter clockwise orientation of dfl. 

D satisfies Condition |2.7| 

There exists 7 : \ {zi, ..., Zk} -G L such that u(z) = ^^( 7 ( 2 )) on dE \ 

{zi,...,Zk}. 

For j = 1, ... ,k the following holds. 


(Iim 7 (z), lim 7 (z)) G 

Z^Zj Z.\.Zj 


(2.38) 


( 8 ) 

(9) 


( 10 ) 

( 11 ) 


Here z f Zj is the limit when z G dQ converges to Zj while moving to the 


counter clockwise direction. 


z I Zj is the limit when z G converges to 


Zj while moving to the clockwise direction. 

If Li(^j^ is not a switching component then (2.38) means that 7 extends 
to a continuous map at Zj. If Li(^j) is a switching component consisting of 
the point (p,g), then ( 2.38 ) means lim^^^^. 7 (z) = p, lim^^z^. 7 (z) = q. 

(Dju) satisfies Condit ion |2.8| (2). 

We replace Condition 2.8 (3) by the stability of (H,u, z). Namely the set 
of all maps u : H D satisfying the next four conditions is a finite set. 

(a) u is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on (0,1] x K C H. 

(c) uo V = u. 

(d) v{zi) = Zi,i=l,...,k. 


Definition |2.9| ( 6 )(7) hold. 

Let a_ and a+ be as in the conclusion of Theorem 2.4 Then 


([a_], lim 7 (z)) G R-, ([a+], lim 7 (z)) G R+. 

z\.—oo 27+00 


(2.39) 


















22 


KENJI FUKAYA 



Figure 2.9 

We can define equivalence among such objects by modifying Definition |2.11| in 
an obvious way. 

O 

Let M{{M, £), L; R-, R+; i] E) be the set of equivalence classes of such objects. 
We can define a topology on it by modifying Definition 2.12 in an obvious way. 

We put 

O O 

Mkm,£),L;R_,R+-,E)= (J M{{M, £), L-R_, R+-i-E) 

o 

Let Mk{{M,£),L] R_, R^] E) be its quotient space by K action. 

By taking the union ( |2.25 1 we obtain Mk{{M,£), L; R-, R+; E). 

Mk{{M,£), L; R-, R+; E) is a compact Hausdorff space. 

There exists an evaluation map 

ev = (evi,..., evfc) : Al/c((M, £), L; i?_, E) ^ {L x mM) L)^■ (2.40) 


If (21,3, to, n, u, i*) is an element of M{{M,£), L; R-, R+-,i; E) then, by definition 
evj([2t,3,tu,fl,'u,i]) = (lim 7 (z), lim 7 (z)) £ i?,( ). (2.41) 

Z^Zj Z^Zj 


We also define the evaluation maps 


ev_(2t,3,ro,0,M, z) = ([a_], lim 7(2)) £ i?_, 

24 ^ — 00 

ev+(2t,3,lu,fl,u,z) = ([a+], lim 7(2)) £ i?+. 

2t+00 


(2.42) 


Now in the same way as (2.31) we obtain 


a/c,E : C{R(M)xfi(^^L]l,2)®C{Lx ® 

Then we apply Definition |2.19| to obtain 

nfc : CF{R{M), L) ® CF{Lf’^ CF{R{M),L). 
Theorem 12.201 still holds in our immersed case. 


C(i?(M)x^(s)L;Z2). (2.43) 
(2.44) 
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We thus described the construction of right filtered A^o module {CF{R{M), L), {nfc}). 
It is straight forward to generalize this construction to the construction of filtered 
Aoc functor —>■ Namely we can construct the 

operations 


Ufe : CF{R{M),Lo) 0 (g) CF{L,_i,L,) ^ CF{R{M),Lk) (2.45) 


which satisfies the same relation (|2.7|) . In fact we may regard the union Lq U • • • U 
as a single immersed Lagrangian submanifold and can apply Definition |2.23| etc. 
We have thus completed the sketch of the proof of Theorem 1.3 


Remark 2.24. In case L is an embedded and monotone Lagrangian submanifold 
of i?(S) the construction of HF{{M,£); L) is carried out in detail by [SaWe] . More 
precisely they did the case when the restriciton of £ to E is a trivial SU{2) bundle. 
This case is harder than the case we study here. 


3. FlOER theoretical UNOBSTRUCTED-NESS of the moduli space of FLAT 
CONNECTIONS ON 3-MANIFOLDS WITH BOUNDARY 

In this section we prove Theorem [Tt] (1). The main idea of its proof is an 
algebraic result, Proposition |3.5| below. To state it we introduce certain notions. 

Definition 3.1. (Compare |FOOOll Condition 3.1.6]) A discrete submonoid G 
of K>o is a discrete subset G C K>o containing 0 such that Ai,A 2 € G implies 
Ai -I- A 2 G G. Hereafter we say discrete monoid in place of discrete submonoid of 
K>o for simplicity. 

Definition 3.2. ( [FOOOll Definition 3.2.26 etc.]) Let G, Gi (i = 1,2) be Z 2 
vector spaces and C (resp. Gi) the completion of C (8) Aq^ (resp. of Gi 8) Aq^) with 
respect to the T-adic topology. Let G be a discrete monoid. 

(1) An element cc of G is said to be G-gapped if there exists x\ G G for each 
A S G such that 

a; = ^ T^xx- 

xeG 

(2) A Aq^ module homomorpism : Gi —?► G 2 is said to be G-gapped if there 
exists a Z 2 linear maps (px : Ci ^ G 2 such that 

T^px- 

xeG 

(3) A filtered A^c, algebra (resp. a filtered A^o module) is said to be G-gapped 
if its structure maps rrifc (resp. n^) are all G-gapped. 

Definition 3.3. Let (G, {rrifc}) be a G-gapped filtered A^o algebra and (D, {nfc}) 
be a G-gapped right filtered Ago module over (G, {mfc}). 

We say 1 S D is a cyclic elemen^ii the following holds 

(1) The map G ^ D which sends x to n 2 (l;a:) is an Aq^ module isomorphism 
C ^ D. 

(2) no(l) = 0 mod A+L 

■^The word cyclic element seems to be a standard one for an object satisfying a condition such 
as (1). We remark that the notion of cyclic element has no relation to the cyclic symmetry of the 
filtered Aoo algebra associated to a Lagrangian submanifold. 
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We also recall: 


Definition 3.4. Let C be a filtered algebra. An element b G C is 

said to be a bounding cochain if 

OO 

=0. (3.1) 

Note the left hand side converges in T-adic topology, since 5=0 mod 

Proposition 3.5. Let (C, {rrife}) he a G-gapped filtered A^o algebra and (D, {rifc}) 
a G-gapped right filtered A^o module over (C, {m^}). Suppose 1 G D is a cyclic 
element, which is G-gapped. 

Then there exists a unique G-gapped bounding cochain b of (C, {trife}) such that 

d^{l)=0. (3.2) 

Note we defined by 

OO 

d\y) = '^nk{y;b ,... ,5). 

k=0 


Proof. We first prove the uniqueness. Let G' = {Ai|z = 0,l,2,...} where 0 = Aq < 
Ai < A 2 < .... We put 


OO 


1 = 


5= ^r^’5, 


2=0 

Ai 


2=1 


iTifc = 

i=0 


n.= 


^k,i’ 


2 = 0 


according to the definition of G-gapped-ness. (Note the coefficient of T^° (Aq = 0) 
of 5 is 0 since b G G 0 .za A^.) 

We calculate the coefficient of of the equation (3.2) and obtain 

^ 1,0 (Iq ; bn ) “f ^ ) ^k,m (Ino 1 bn^ 5 • ■ • ; 5^^^ ) — 0. (1^-1^) 

Here the second term is the sum of all k, m, nQ,ni,... ,nk such that 


An — Xrn “f Anp “1“ ^ ) A^^ 


(3.4) 


except the case A: = 1, m = 0, np = 0, rii = n. (The case we exclude here 
corresponds to the first term.) Note if k, m, no, ni,... ,nk satisfy (3.4) then Ui <n 
for i = 0,..., fc. Moreover Ui < n unless fc = 1, to = 0, no = 0, ni = n. 

Therefore we can solve (3.3) and obtain 5n uniquely by induction on n. (Here 
we use Definition 3.3 (1).) 

Thus we proved that there exists a unique G-Gapped element b G G '^.^2 A^^ 

_ -''■0 

satisfying (3.2). 

It remains to prove that this element 5 satisfies the Maurer-Cartin equation (3.1). 
We will prove 

OO 

mfc(5,..., 5) = 0 mod 

k=0 


(3.5) 
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by induction on c G Z+. We assume (3.5) for c < n — 1 and will prove the case 
c = n below. 


We put d = ni^o- (By (2.32) we have dod = 0.) Using (2.32) and Definition 3.3 
( 2 ) we have 


anpo(lo; x) + ni,o(lo; dx) = 0 


(3.6) 


for X G C. 


We next consider 9ni,o(lo; ^n)- Using (3.3) we find 

^(^1,0 (Iq : ^ (IriQ ; 7 • ■ • ; ^rif^ ) ) ■ 

We calculate the right hand side using ( |2.32 ) to obtain: 

'y ' Tlfei.mi {^k 2 ,m 2 (Irto i ^ni i ■ • ■ : ) 


^ ^ ^k,m (ino 7 ^ 


mi 5 * ■ • : ^/i;2jm2 (^ni^.! j • • ■ ; 


i + fc2 


)i ■ ■ • I ^rifc) 


(3.7) 


) dbjij 5 ... 5 bji,. ). 


Here the sum in the first line is taken over ki, k 2 , mi, m 2 , ng,... ,nfe such that 
ki + k 2 = k and A„ = A^i + Am 2 + + Ya=i An,, except (fci,mi) = (0, 0). 

The sum in the second line is taken over fci, fe, mi, m 2 , ng, ■ ■ ■ ,nk such that 
fci + ^2 = fc + 1 and Xn = Ami + Am 2 + Ano + An;, exccpt m 2 = 0, fc 2 = 1 . 

(The excluded case corresponds to the third line.) 

The sum in the third line is taken over k, m, j, ng,..., such that j = 1,..., fc 
and A„ = Am + Xno + Ani, except ng = 0, fc = 1, m = 0. We exclude this case 
since it is excluded in the second term of (3.3). 


Note the first line of ( |3.7[ ) vanishes because of the equality (3.2) and (fci,mi) 

( 0 , 0 ). 

By using induction hypothesis (3.5) for c < n — 1, the sum of the second and 
third lines cancel each other except the sum 

^no,i(lo;mfc ,mibni , • • ■ , bn^)) 

which is taken over fc, m, ni,..., nj, such that A„ = Am + J2i=i Ani■ (la fact this 
sum could be canceled with ng,i(lg; 56„). However this is the case excluded in the 
third line.) 

Thus we have 


ni 7 • ■ • 7 '-'rifc 


bn.))- 


ni,g(lg;56„) = 9ni,g(lg;6„) = ^ ng,i(lg; mfe,m(h 
Using Definition 3.3 (1) it implies 

~ y ( ai/i, m (^ni, ■ ■ • , ) ■ 

It implies (3.5) for c = n. The proof of Proposition 3.5 is now complete. 


□ 


Remark 3.6. Suppose (C, {mfc}) is a filtered A^o algebra and has a unit e. Then 
by defining 

nfei,fc2(a:i, ■.. ,a;*!; y; zi,..., 2 :^ 2 ) = mfci-M=2+i(a;i, ■ ■ ■ ,Xk^,y, zi,..., Zk2) 

C can be regarded as a filtered A^o bimodule over (C, {mfc})-(C', {trife}). (See 
[FOOOll Example 3.7.6].) Moreover e = 1 satisfies Definition 3.3 (1)(2). 

However in case mg 7 ^ 0 the operations 

nk{y,xi, ...,Xk)= mk+i{y,xi ,... ,Xfc) 
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do not define a structure of filtered A^o right module on C over {C, {nxfe}). In fact 
we have 

k 

^ ^ ^k — £+l (y 7 7 • ■ • 7 ) 7 ^^+1 7 ■ • • 7 ) 

1=0 

~t“ ^ ^ m+^+1 (yj 7 • ■ ■ 7 ^rn—^(^^7 ■ ■ • 7 ^m— 1)7 ■ ■ ■ 7 

0<i<m<k 

= ni^k{mo{l);y,xi,.. .,Xk). 

Therefore we can not apply Proposition |3.5| in this situation. 

Now we apply Proposition |3.5| to our geometric situation and prove Theorem |l.l| 
(1). Let M be a 3 manifold with boundary S and £m an SO{3) bundle on M such 
that the 2nd Stiefel-Whitney class W 2 {£t) of the restriction £^ of £m to E is the 
fundamental class [S]. Let ifl(M) ^ R{M) —>• i?(S) be the Lagrangian immersion, 
where R{M) (resp. i?(E)) is the set of gauge equivalence classes of fiat connections 
of £m (resp. £^). 

In the previous section, we associate a right filtered Aao module CF{M,L) over 
{CF{L), {mfc}) to a Lagrangian immersion ii, : L ^ L F i?(E). These filtered A^o 
algebra and filtered A^o module are G-gapped for certain discrete monoid G by 
Gromov-Uhlenbeck compactness and Theorem |2.22| 

We consider its special case where L = R{M). In this case the underlying Aq^ 
module of (GF(M, L), {rifc}) coincides with {CF{R{M), R{M)), {mk})■ Namely 
both are C{R{M) R{M); Aq^). We remark 

R{M)xji(^^)R{M) ^ R{M)U{{p,q) G | p ^ q,iR(M){p) = *i?(M)(9)}- (3-8) 

Therefore 

G(i?(M) X R{M)■Al^) = C{R{M ); ) 0 0 Af [{p, q)] 

ip.g) 

where the direct sum in the second component is taken over {{p,q) G R{M)^ \ p ^ 

q,i{p) = i{q)}- 

Definition 3.7. We take 1m G C{R{M) X/j(s) Ag^) to be the fundamental 

cycle olR{M) in G(i?(M); A^"). 

Now we observe: 


Lemma 3.8. 1m is a cyclic element of the right filtered A^ module {C{R{M) 

R{M)-Af ), {Ufc}) over {C{R{M) x«(s) A*^), {m,.}). 

Proof. We decompose 

nfe = '^T^'nk,i 

acceding to the definition of G-gapped-ness. Then by definition rife^o is defined 
by using the moduli spaces AIfe((M, £),L; R-,R^;0) consisting of the solutions of 
(2.12 1 , (2.141 with zero energy. Such solution is necessary of the form (2t, 3 , to, If, u) 
where 21 is a flat connection on M x M, u is a constant map and 17 = E x (0,1] x M. 
It follows that 

nuo(lM;a;) = x 

for any x G C{R{M) Xfl.(s) i?(M);A q^). Definition 


3.3 


( 1 ) follows immediately. 
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Definition 3.3 (2) follows from the fact that no is congruent to the classical 

□ 


boundary operator modulo 

Proposition |3.5| and Lemma |3.8| immediately imply the next theorem. 


Theorem 3.9. The immersed Lagrangian submanifold R{M) —> i?(S) is unob¬ 
structed. Moreover we can chose the bounding cochain bM uniquely so that 

d''“(lM)=0. (3.9) 

Theorem o (1) follows from Theorem |3.9| except the statement that the gauge 
equivalence class of 6 m is independent of the choices. Here the choices are per¬ 
turbation to define filtered A^o algebra and filtered A^o module involved in the 
construction and the metric on M etc.. One can prove this independence by using 
a cobordism argument, which have been used extensively in various related situa¬ 
tions. (The one which is closest to the present situation is |Fu4[ Sections 5,6,7].) 
So we can safely omit it in this paper and postpone its detail to [Fu8) . 

Theorem o (3) follows from the next proposition. 

Proposition 3.10. If R{M) is an embedded Lagrangian submanifold then 

t^o(lM) = 0. 


Proof. The proof is based on the monotonicity and proceed as follows. We decom¬ 
pose R{M) to the connected components R{M) = [j^^j Ri- We first observe 

M((M,S),L;R„Rj-,E) = 0 

for i ^ j. In fact the boundary value of an element of A4{{M,S), L; Ri, Rj; E) is a 
path joining i?,; and Rj in R{M). We next show: 

Lemma 3.11. If E > 0 then 

dim AI((M, £), L; Ri,Ri; E) > dim AI((M, £), L; i?i, 0). 

Here dim means the virtual dimension. 


Proof. Let (21, D, u) be an representative of an element of M{{M, £), L; Ri,Ri', E). 
The boundary value of u defines a t gM. parametrized family a(l, t) of flat connec¬ 
tions of M. We may regard it as a connection on M x K, which we denote by 2lo. 
We remark that 21 and 2to has the same boundary value on E x {1} xK and the 
same asymptotic as K coordinate goes to ±oo. So we can define relative Pontryagin 
number 


(pi(2l) -pi(2lo)) e z. 


'MxR 


We then have 

2tt^ f (pi(2 l)-pi(2 to)) =F;. 
J MxR 


Since E is strictly positive /mxr(pi(^) ~Pi(^o)) is strictly positive. Therefore 21 
is homotopic relative to the boundary to a connection obtained by gluing 2lo with a 
connection on S'^ with positive Pontryagin number. Lemma 3.11 now follows from 
index sum formula. □ 


Proposition 3.10 follows from Lemma and dimension counting. 


□ 


Proposition 3.10 implies that 6 m = 0 if R{M) is an embedded Lagrangian sub¬ 
manifold. This is Statement (3) of Theorem o 













28 


KENJI FUKAYA 


Remark 3.12. We can use Proposition |3.5| to study Wehrheim-Woodward func- 
toriality ( |WWlp in a similar way. Especially we can prove the next theorem. Let 
(MijUJi) i = 1,2 be a symplectic manifold, iLi : Li — t Li C Mi an immersed 
Lagrangian submanifold of Mi and iLi 2 ■ L 12 — t L 12 C Mi x M 2 an immersed La- 
grangian submanifold of [Mi x M 2 ,u)i © — 0 ^ 2 ). We assume Li x M 2 is transversal 
to Li 2 and put 

L2 = [Ll X M2) XM1XM2 -^^ 12 - 

Then the composition of L 2 C Mi x M 2 with the projection Mi x M 2 —t M 2 is a 
Lagrangian immersion : L2 ^ L2 C M2. We assume Mi, M 2 , Li, L 12 are spin 
and fix a spin structure of them. It induces a spin structure of L 2 - 

Theorem 3.13. In the above situation we assume that Li and L 12 are unob¬ 
structed, in addition. 

Then L 2 is unobstructed. Moreover gauge equivalence classes of the bounding 
cochains bi, 612 of Li and L 12 determine a gauge equivalence class of a bounding 
cochain 62 of L 2 . 

For the proof we replace Figure 2.9 by the next Figure 3.1. 


1 




A, 

li. 

L 


L, In 



Figure 3.1 

Here rt is a combination of maps, to Mi (in the domain Hi) and M 2 (in the 
domain H 2 ). Li and L 12 are used to define a boundary condition on 9Hi \ (Hi nH 2 ) 
and on Hi n H 2 , respectively. We use 61 , the bounding cochain of Li and 612 , the 
bounding cochain of L 12 to cancel the (disk) bubbles on i9Hi \ (Hi n H 2 ) and on 
Hi n H 2 , respectively. We thus obtain a structure of filtered A^o right module over 
CF[L 2 ). Using the fact that L 2 x M 2 L 2 = Li Xmi L 12 Xms U 2 , we can show [L 2 ] is 
the cyclic element of this filtered right module and can apply Proposition |3.5| 


We will prove Theorem 3.13 and explore related topics in |Fu9| . See also Remark 


4. Representativity of the relative Floer homology functor 


In this section we explain a proof of Theorem 1.4 Let [M,£m) and (E,fE) be 
as in Situation |2.1[ In Theorem |3.9| we obtain a bounding cochain 6 m of the filtered 
Aao algebra [CF{R{M)),{mk}) satisfying (3.9). 

We consider a Lagrangian immersion i^ : L ^ R[^) and its filtered A^o al¬ 
gebra (CF(L), {rtifc}) where CF[L) = C{L Xfl.(s) L;Aq^). In Section 0 we de¬ 
fined a right filtered A,^ module [CF{M,L),{nk}) over {CF{L),{mi^ where 
CF{M,L) = C[R[M) x«(s) L; A^^). 














FLOER HOMOLOGY OF 3-MANIFOLDS WITH BOUNDARY 


29 


We define right filtered Aao module {CF{{R{M),bM), L), {^“n^}) over {CF{L), {trife}) 
as follows. We put 


'nk[y\xi,... ,Xk) = y^^ne^kibM,---,bM)y;xi,...,Xk). 


(4.1) 


e=o 


Here is the filtered A^o bimodule structure of CF{R{M), L) over CF{R{M))- 

CF{L). We review the construction of this filtered A^o bimodule structure later. 
See Corollary |4.9[ 

Using the fact that Bm satisfies the Maurer-Cartin equation (3.1) we can prove 
that defines the structure of right filtered A^o module. Namely it satisfies 

( 13 . 

We recall: 


Definition 4.1. Let {Di,{nl.}) (i = 1,2) be right filtered Aaa modules over 
(C, {rrifc}). A filtered A^o homomorphism : (Zli,{n^}) —)■ (il 2 ,{n^}) is ^ = {<pk \ 
fc = 0,1,2 ,... } where 

^k-Di® ^ D2 

such that 

X! (‘^'=2 iy,xi,...,Xk^);...,Xk) 

= X! ‘^'=1 (’^'=2(y; ail,..., XfcJ;..., Xfc) (4.2) 

+ '^‘PkAyixi,..., mk^ixi ,..., x^+k2-i), ■■■,Xk)- 
Here the sums in the first and the second lines are taken over fci, k 2 with ki+k 2 = k, 
the sum in the third line is taken over such that fci + A :2 = fc + 1 and 

i = l,...,ki. 

We say ip is strict ii po = 0. 

We will prove: 

Theorem 4.2. There exists a strict right filtered A^o module homomorphism 

p : (CF((i?(M), 6 m), L), {'"n4) ^ (CU(M; L), {ufc})) (4.3) 

over {CF{L),{mk}) such that 

Pi = id mod (4.4) 

Here p = {pk | fc = 1, 2,... }. 



In the same way we define d*” = (^"n^)o : CF{{R{M),bM),L) —>■ CF{{R{M),bM),L) 

by 

OO OO 

d\y) = J2Yl mi+k+i{bM, ■ ■ ■, &M , y, 6,..., 6). 

e=o k=o ' ^ ' I ' 

df o df = 0 again holds and HF{{R{M), 6 m), {L, 6 )) is its cohomology group. 
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Corollary 4.3. There exists a canonical isomorphism 

HF{{R{M), Bm), (L, b)) ^ HF{M, (L, b)). 
Proof of Theorem \4.S\ => Corollary \4.3\ We define a map 

: CF((R(M),bM),L) ^ CF{M,L) 
by 

oo 

T^iy) = '^Tk{y;b,...,b). 


(4.5) 


/c=0 


Since 6=0 mod the right hand side converges in T-adic topology. It is easy to 
chec k that (4.2) and (3.11 imply df oip^ = tp^ odf. Namely ipf' is a chain map. Then 
(4.4) and 6=0 mod Kff implies that = id mod JS^. Therefore induces an 
isomorphism on cohomologies. □ 


Proof of Theorem \4-^ The main part of the proof is defining the moduli spaces 
which we use to define the operators pk- 

We take a domain W C C such that the following holds. (See Figure 4.1.) 


Condition 4.4. (1) The intersection VF n {2 G C | Imz < —2} is {z G C | 

|Rez| < l,Imz < —2}. 

(2) The intersection im{z G C | Imz > +2} is {z G C | |Rez| < l,Imz > +2}. 

(3) The intersection IF n {z G C | Rez > 0} is {z G C | 0 < Rez < 1}. 

(4) The intersection VFn{z G C | Imz < —2} is {z G C | Imz < —2, |Rez| < 1}. 

(5) The boundary dW has three connected components diW {i = 1,2,3) each 
of which is a C°° submanifold of C and is diffeomorphic to K. Moreover 
diW = {z G C I Rez = 1}, d 2 W C {z G C | Rez < 0,lmz > 0}, d^W C 
{z G C I Rez < 0, Imz < 0}. 


Ti||\ 


1 

y 

c 


■"I 


W, 





3,w 


/ 




Figure 4.1 

We take y : IF —)■ [0,1], a submanifold C <Z W diffeomorphic to M, and a 
Riemannian metric g on E x IFi with the following properties: (See Figure 4.1.) 

Condition 4.5. (1) IF \ C consists of two connected components VFi and W 2 . 

Moreover {z G C | x(-z) > 0} = IFi. 
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(2) On {z G W \ Rez < —3}, x(z) = x(—Imz), where x in the right hand side 


( 3 ) 


is the same function as one appeared in (2.11). g = x^Se + ds^ + dt^ on 
E X {z £ IR I Rez < —3}, where we put z = t — y/^s. 

On {z G W \ Imz < —3}, xi^) = x(R6-^) ) whe re x in the right hand side 
is the same function as one appeared in (2.11). g = x^ffs + ds^ + dt^ on 
E X {z £ IR I Imz < —3}, where we put z = s + ^/^t. 

(4) In a neighborhood of E x d 2 W, the space E x Wi with metric g is isometric 
to the direct product x (0,e) x K. Here gs x {0} x R corresponds to 
E X d 2 W. This isometry is compatible with the isometry obtained by items 
(2) (3) in the domain described by those items. 

(5) Let U{C) be a neighborhood of C in C. Then on E x {Wi O U{C)), the 

metric g becomes X^(s,t)ffs + ds"^ + dt^. where s + is the standard 

coordinate of C and x satisfies the condition of [Fu5[ Lemma 4.7]. 

We extend the metric g on E x Wi to a ‘singular metric’ on E x W by putting 
g = Ogs + ds^ + outside E x Wi. 

By Condition 4.5 (4), (E x TTi,g) is isometric to (E x (0,e) x Rj^s + ds^ 


- dt^) 


in a neighborhood of E x d 2 W. 

We remark that Mq x R is isometric to (E x (—e, 0) x R,( 7 s -|- ds^ + dt^) in 
an neighborhood of its boundary. Therefore we can glue them together to obtain 
{X, g). Here g is a ‘Riemannian metric’ which is degenerate on E x H 2 . The 5'0(3) 
bundle £m on M induces an SO{3) bundle on X in an obvious way, which we 
denote by £x- 

Note that X has 3 ends and 2 boundary components. The 3 ends appear as 
Imz —>■ +00, Rez -G — 00 , Imz —>■ —00. 

The end corresponding to Imz —>■ +00 is M x [c, 00). The end corresponding 
to Rez —>■ —00 is M X (— 00,— cj. The end corresponding to Imz —>■ —00 is E x 
[- 1 , 1 ] X (-00, -c]. 

The boundaries are Y^xdiW and E x d^W. Note E x d 2 W is glued with BMq x R 
and so is not a boundary of X. 

For a s mooth connection 21 of £x we can consider the ‘ASD-equ ation ’. Namely 
we require (2.12) on Ar\ (E x W 2 ) and (2.14) on E x IT C X. (Note (2.12) coincides 


with (2.14) on the overla pped part.) We say 21 is an ASD- connection by an abuse 
of notation if it satisfies j2.12[ ) on AT \ (E x W 2 ) and (2.14) on E x IT C Ai. 
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M 


Wy 




W. 


V/, 






Figure 4.2 


We consider also il which contains W 2 . Namely fl is a union of W 2 and tree of 
disk and sphere components attached to 51^2 and IntW 2 , respectively. We consider 
the pair (fl, u) which satisfies Condition 2.7 except we replace (0,1) x K and {0} x K 


by W 2 and C, respectively. We call this condition Condition |2.7[ . 

Let diil. (resp. be the union of diW (resp. d^W) and the boundary of the 

disk components attached to diW (resp. d^W). 

Now we modify Definitions |2.9| and |2.23| as follows. We consider the decomposi¬ 
tions (2.37) and (2.36). Let I{L) and I{R{M),L) be the index sets as in there. We 
consider the decomposition ( |2.36| ) in case L = R{M) and let I{R{M)) be its index 
set. Namely 


L X 


i?(S) 


u 


R{M)^ 


jeRL) 

i?(M)Xfl(s)i?(M)= U 

jGl{R(M)) 

R{M)xin^)L= Ri. 

JGI{R(M),L) 

Let Ri be a connected component of R{M) y-mY.) R{M) and i? 2 , R 3 be connected 
components of R{M)yjnY^L. In other words i?i = R{M)-^ for some ji S I{R{M)). 
i ?2 = Rj2^ R3 = Rjs for some ^ 2 , J 3 G I{R{M), L). 


We also take as in Definition 4.6 (5) below. 
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Definition 4 . 6 . We define the set as 

the set of all equivalence classes of (21,3, to, fi, u, satisfying the following 

conditions. (See Figure 4 . 3 .) 

(1) 2t is a connection of £x satisfying equations (2.12), ( | 2 l 4 | . _ 

( 2 ) 3 = (3i, • ■ ■ ,3mi) is an unordered rui-tuple of points of X\(E x IF2). We put 

II3II = mi. We say subset {31,... , 3 mi} C X\ (E x W2) the support of 3 and 
denote it by |3|. We define multi : I3I —>■ by multi(a;) = \ Zi = x} 

and call it the multiplicity function. 

( 3 ) to = (lui,..., fDms) is an unordered TO2-tuple of points of C. We put ||rD|| = 
m2. We say the subset {roi,..., tOmsI C C the support of to. We define 
multi : Iroj —>■ Z>o by multi(x) = ff{i \ Wi = x} and call it the multiplicity 
function. 

( 4 ) satisfies Condition | 2 . 7 [ . 

( 5 ) i(/ci)) G and = {i''^'^ ( 1 ),..., i^^^ks)) G 

I{R{M)f^ 

(6) = {z'^\ ... (resp. z^^'> = (zp\ ..., lies on Siff, (resp. 

zf ^ lies on None of zf ^ or zf ^ is a nodal point, zf ^ ^ zf\ zf ^ ^ zf ^ 

if * ^ j. {z^\ ..., z^^^) (resp. (zp\ ..., z^^^) ) respects counter clockwise 
orientation of di£t (resp. d^id). 

( 7 ) There exists : di£l \ {z[^\ ... —)■ L such that u{z) = (z)) 

on airj\{zJ^\...,zi^^^}. 

There exists \ {z|^\ ..., z^^^} —>• R{M) such that u{z) = 

.( 3)1 


iR(M){l^^\z)) on d-i£l \ {z) b ..., 

(8) For j = 1,..., /ci the following holds. 


( lirn y(ii(z), lim y(ii(z)) G LoiO')- 


24.2 


Here the notation z f z^, z I Zj is defined in the same way as (2.38) 
For j = 1,..., /ca the following holds. 

( Urn y(3)(z), lim y(3)(z)) g R{^Uuy 


2^2 




(4.6) 


(4.7) 


Here the notation z f z,-, z ), zj is defined in the same way as (2.38 ^ 

(9) We replace Condition 2.8 (3) by the stability of {n,u, z^^\ z^^l). Namely 
the set of all maps u : H —>■ H satisfying the next three conditions is a finite 
set. 

(a) t! is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on (0,1] x M C H. 

(c) uo V = u. 

(d) ri(zj^^) = z^^\ j = l,...,ki and v{zf'') = zf \ j = 1 ,..., fcg. 

(10) For (s,f) G VF 2 we have 

[H(s,t)] = u{s,t). 


^We remark that 2 t Zj here means that z moves to the counter-clock-wise way towards 2. So 


Im2 > Im2, 
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Here A(s,t) is obtained from 21 by (2.13). 

(11) The energy of ( 21 , 3 , which is defined in the same way as Definition 

[2T0l is E. 

(12) We assume the following asymptotic boundary conditions, which are defined 
by using i?i,i? 2 ,i? 3 . 

(a) 

( lim lim (4.8) 

Z—^—l — OQ\/—l 2—>- + 1 —00\/— 1 

Here lim^_,,_j^_^.y 3 j is the limit when the imaginary part of z S d^W 


goes to —oo. (We remark that then the Re^ = —1 by Condition 4.4 
(4)(5).) The meaning of lim^_,._|_]^_^^/ 3 Y is similar. 

(b) We consider the restriction of 21 to S x {2 £ W | Imz = c} for c > 3. 
We glue it with the restriction of 21 to Mg = M\ (S x (—1,1]), which 
is attached to —1 + c^/^. (See Figure 4.4.) We call it 21 |im 2 =c- K is a 
connection of the bundle £m on M. We assume that 21|ii„z=c converges 
to a flat connection as c —>■ + 00 . We write its limit limc_j.+oo 2 l|im 2 =c- 


Then we also assume 
( lim 21 |imz—c 

c —^+00 


lim 7 ^^^^)) e i? 2 - 


(4.9) 


Here the meaning of lim^_,._|_]^_|_^^/ 3 j is similar to (4.8). 

(c) We consider the restriction of 21 to E x {z £ VF | Rez = c} for c < —3. 
We glue it with the restriction 21 to Mg which is attached to c+ V—1. 
(See Figure 4.5.) We call it 2t|Rez=c- It is a connection of the bundle 
£m on M. We assume that 21|Rez=c converges to a flat connection as 
c —)■ — 00 . We write its limit limc_>._oo 21|Rez=c- 
Then we also assume 

v(3)(z))£i?3. 


lim 

C—>• —OO 


^Irgz—C 


lim 7 ^ 
>— 00—\/—1 


(4.10) 


Here the meaning of lim^_,._|_]^_|_^y 3 j is similar to (4.8). 
The equivalence relation is defined in the same way as Definition 2.11| 
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Figure 4.3 





Figure 4.4 
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We can define a topology on by 

modifying Definition |2.12| in an obvious way. 

We put 

Xiki,k 3 {{X,£x), L', Ri,R2,R3', E) 

O 

= U U M{{X,£x),L-R3,R2,R3;^^\i^^^;E) 

2(1);|2(1)|—/ci |—^3 


o 

Mki,k 3 {{X,£x),L\Ri,R 2 ,R 3 ',E) is a HausdorfF space. 
We define evaluation maps 


ev(i) : Mk„k3 {{X, £x), L; R1.R2. R3\E)^ {L x^(s) L)’^^ 

:Mk,,k3iiX,£x),E,RuR2,R3;E)^iR{M) x«(s) R{M))'^^ 


(4.11) 


They are defined by (4.6) and (4.7). 


We also define the evaluation maps 


ev“ : Mki,k 3 {{X,£x), L; Ri, R 2 , R 3 ; E) —)• Ri 


(4.12) 


for i = 1,2,3. They are defined by (4.8), (4.9) and (4.10). 


Note Mki,k 3 i{X,£x), L; Ri, R 2 , R 3 ] E) is not yet compact. There are still three 
types of ends, which are: 


(1) An ASD-connection escape to the direction lm(z) —>■ + 00 . 

(II) An ASD-connection escape to the direction Re(z) —— 00 . 

(Ill) A pseudo-holomorphic strip escape to the direction Im(z) —>• — 00 . 

The end (I) is described by the union of the fiber products: 


Mk[,k 3 iiX,£x), L; Ri, R2J R 3 ', Ei)ev^ Xev_ Alfc"((M, f),L;i?2,R2; A 2 ) (4.13) 
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Here the union is taken over all k'l, fc", Ei, E 2 , R 2 such that k[ + ki = ki, E 1 + E 2 = 

E and i ?2 is a connected component of R{M)x r{y,)L. Note Af fe" ((M, £), L; i? 2 , R 2 ', E 2 ) 
is defined in Definition |2.23[ See Figure 4.6. 


R. 






R3 


R 


Figure 4.6 


The end (II) is described by the union of the fiber products: 


O 



(4.14) 


Here the union is taken over all fcg, fcg, Ei, E 2 , R^ such that k'^ + fcg = fcg, 
El + E 2 = E and R'^ is a connected component of R{M) Xfl(s) R{M). See Figure 
4.7. We remark that in the second line R^ appears first and R'^ next. (Namely 
and not R!^^R^.) The reason is as follows. In Figure 4.7 ‘the bubble’ 
component lies in the left. We need to rotate it by 90 degree counter-clock-wise 
direction to put it in the same way as Figure 2.2. Then after rotation, i ?3 will lie 
in the direction Imz —^ — 00 . 
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Figure 4.7 

To describe the end (III) we use the moduli space of pseudo-holomorphic strips 
which is used to define Lagrangian Floer homology HF{R{M), L). We here need 
a digression and review the definition of HF{R{M), L). The discussion below 
is a generalization of [FOOOll Section 3.7.4] to the case of a pair of immersed 
Lagrangian submanifolds. m did not discuss the case of pairs of immersed La¬ 
grangian submanifolds since we may regard the union as a single immersed La¬ 
grangian submanifold and so it is actually included in the case of single immersed 
Lagrangian submanifold. Therefore the only point which is not literally written in 
m is that we include the case when the intersection of two immersed Lagrangian 
submanifolds are clean but not transversal. (This generalization is not a big deal 
and one can handle it in the same way as IFOOOIL Section 3.7.4].) 

It seems more natural to explain it in a general situation rather than a special 
case we use here. Let (Y, w) be a monotone symplectic manifold, (We assume 
monotonicity here since we use Z 2 coefficient.) and : Lj ^ Y be Lagrangian 
immersion for j = 1, 2. We fix a compatible almost complex structure Jy on Y. 
We assume that the self-intersection of Lj are transversal for _) = 1,2 and the 
fiber product Li Xy L2 is clean. We decompose the fiber products into connected 
components and put: 

Lj Xy Lj — J ~ 

keiiL,) 

Li Xy L2 = [J Rk 
/cG/(Li.Z,2)) 

Let R-, i?+ be connected components of Li Xy L 2 . Let ..., i^^\kj)) 

where *^-^^(1),..., i^^\kj) G I{Lj). 

O 

We define the moduli space M{Li, L2; R-, R+', ; E) as follows. 

Definition 4.7. The moduli space Ai{Li,L2]R-,R+;i^^\i^^^',E) is the set of all 
the equivalence classes of (11, u, with the following properties. (See Figure 

4.8.) 
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( 1 ) is a union of the domain 

Oq = {z S C I |Rez| < 1}, 


(4.15) 


( 2 ) 


trees of spheres attached to the interior of fig and trees of disk components 
attached to the boundary of fig- (The disk components may contain a tree 
of sphere components attached to its interior.) We denote by di^l (resp. 
82 ^) the union of {z S | Rez = —1} and the boundaries of the tree 
of disks attached to it (resp. the union of {z S | Rez = 1} and the 
boundaries of the tree of disks attached to it.) 

We remark dVl = dinud 2 ^l. 

M —>■ i?(S) is a pseudo-holomorphic map. 


(3) (resp. z^^^ = (zj^\ ..., z^^^)) z|^^ lies on Sifl, (resp. 

zp^ lies on ^ 2 ^ 2 ). None of z-^^ or zf'^ is a nodal point. z|^^ ^ zj^\ z-^^ ^ zj^^ 
if % ^ j. (z^^\...,z^f) (z^^\...,z^f) (resp. (zf \ ..., zf^^) ) respects 
counter clockwise orientation of Sifl (resp. 82 ^^)- 

Li such that u{z) = iL^{^{z)) 

A L 2 such that u{z) = iL 2 [l{z)) 


(4) There exists 7 ( 1 ) : \ {z[^\ z^f} 

on8^n\{z[^\...,zi\^}. 

There exists 7 ^^^ : ^ 2 ^^ \ • ■ •, 

ona2fl\{zp\...,z£)}. 

(5) For j = 1,... ,ki the following holds. 


( lim 7 (i)(z), liin 7 ^^^(z)) € 


( 1)1 


Z^Z 


^ 1 


(4.16) 


Here the notation z f z I Zj is defined in the same way as (2.38) 
For J = 1,..., A ;2 the following holds. 


( lim lim T^^^W) e T2,*(j)- 


( 2 )/ 


z'lz 


( 2 ) 


Z^Z 


( 2 ) 


(4.17) 


Here the notation z\ Zj, z Zj is defined in the same way as (2.38). 

( 6 ) We asuume the stability of Namely the set of all maps 

u : n —>■ n satisfying the next three conditions is a finite set. 

(a) u is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on Hg. 

(c) uo V = u. 


(d) u(zf ^) = z)"^ j = 1 ,..., fci and w(z)^'’) = z)^\ j = 


.( 1 ) 


( 2 )> 


.( 2 ) 


(7) The energy of u is F). Namely 


u*u} = E. 


( 8 ) We assume the following asymptotic boundary conditions, which are defined 
by using i?_, i?+. 

(a) 

v(i)(z), lim € i?_. 


( 


lim 7 ' 

> —1 —OOv^—1 


lim 

2—>- + 1 —OO-y/—1 


(4.18) 


Here lim^_,._j^_^y 3 Y is the limit when the imaginary part of z goes to 
—00 and z £ i9ir2. The meaning of lim 2 _j,_|_]^_j^y 3 Y is similar. 
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(b) 


lim 7 

>—l+ 00-\/—1 


( 1 ) 


(z), 


lim 


^^/=T 


7^"^^)) e R 


+• 


(4.19) 


Here lim 2 _j,_j^_|_^.y 3 Y is the limit when the imaginary part of z goes to 
—oo and z G difi. The meaning of lim 2 _^_|_j^_gQ^/ 3 Y is similar. 



Figure 4.8 

We say is equivalent to (fl^, u^, if there exists 

a homeomorphism v : such that 

(1) u is biholomorphic on each irreducible component. 

( 2 ) v(di^ 2 ^) =difl^. 

(3) j = and = Zj’^^\ j = l,...,k 2 . 

(4) o V = v}. 

The K action which translate the Imz direction of H is actually included in the 
definition of equivalence relation above. 


We put 

O 

■Mki,k2 {Li, L 2 ', R-, R+', E) 

= U U M{L,,L2-,R-,R+-,l^\l^^-,E) 

i<l);|i(l)|=fcl j(2);|i(2)|=fc2 


We define evaluation maps 

evW Mk,M{LuL2-,R-,R+-,E) ^ {U y^Y 
ev(2) ■. Mk,,k2{LuL2-,R-,R+-,E) ^ {U yy UfE 


(4.20) 


They are defined by (4.16) and (4.17). 
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We also define the evaluation maps 


ev“ : Mki,k2 {Li, ^ 2 ; R-i R+^ E) —>■ Ri 


(4.21) 


for i = They are defined by (4.18) and (4.19). 
We consider the union of the fiber products: 


fc®,^2 ’ "^2: R— T R\^ Eq^ ^ Ri 

o 

L 2 -, Ri, R2] El) ... 

O 

• • • ■Mf.e-i i,e^-i{Li, L2\ Re-1, Rf, Ei-i) 

^Re -^k^.k^iEi, L2; Re, R+', Ee), 


(4.22) 


where fc, 
i = 1, 


U) 




I uU) _ jL . 

“T 


I -r ■ ■ ■ -r n,f — ioT j = 1,2, Eq + ■■■ + Ee = E, and Ri for 
i are connected components of Li Xy L 2 - This union is by definition 
Mki,k 2 {Ei,L 2 ', R-, R+', E). The evaluation maps (4.20) and (4.21) extends there. 


Proposition 4.8. We can define a topology on Aik^M {Ei, L2', R-, R+', E) by which 
it becomes compact and Hausdorfif. 

It has a Kuranishi structure with corner such that its boundary is a union of the 
following three types of fiber products. 

( 1 ) 


Aik[,k'.^{Li, L2', R-,R; E') Xr Mk'i^k'.^{Li, L2', R, R+', E”) 


( 2 ) 


where k[ + k'f = ki, + Ef = k 2 , E' + E" = E and R is a connected 
component of Li Xy L 2 . See Figure 4-9. 


Aik[,k2iEi, L 2 ; R-, R+; E')^^{i) Xevo Aik',^{Li', E”) 


( 3 ) 


where k'l 
is 1(2.29). 


+ k” + 1 = ki, E' + E" = E and i = 1,... ,k'i. The second factor 
(More precisely its analogue in immersed case.) See Figure 4-10. 


Aiki.k'ALi, L2', R-, R+; E') 


g.^,0) Xevo 


Mk'AL2-,E") 


where 


{2.29). 


+ k” + 2 = k 2 , E' -|- E" = E and i = 1,..., A:^. The second factor 
(More precisely its analogue in immersed case.) See Figure 4-IF 
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1 f 

L, U 

H 


n 



Figure 4.9 



Figure 4.10 
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Figure 4.11 


The proof of Proposition 4.8 is entirely similar to the proof of |F0002l Propo¬ 
sitions 7.1.1, 7.1.2]. 

Let a;},... G C'(LiXyLi), y-,y+ G C(LiXyL 2 ) and xj,... ,xl^ G C{L 2 Xy 
Z 2 ). We define: 

{nk,MiE{x\,. ..,xl^-,y-;xl,..., xlj, y+) 

= #{M k\ ,/C2 (Li, L 2 ; 7?_, E) ev(^) ,ev^ ,ev(^) ,ev^ ^ (4.23) 


{xl X ■ ■ ■ X xl^ X y_ X xf X ■ ■ ■ X xl^ X y+)). 

There are various chain models by which (4.231 becomes rigorous. (See |F0002j . 
|F0005) . |F0008) . [FOOOQj .l We will introduce a chain model which is also 
suitable to handle the moduli space appearing in gauge theory case in [Fu8) . or in 
a separate paper. (We remark again we can work over Z 2 because Y is assumed to 
be monotone. See |F0005] .l 
We then put 

Tifci,fc2 = y^,T^nki,k2-,E 


: CF(Li)'=i® 0 .Z2 CF(Li, L2) ^ CF(Li, L2). 


(4.24) 


Here 


CF{L{) = C{U Xy CF{L,,L 2 ) = C{h Xy L2;-o 

It is a part of the general theory of Kuranishi structure and virtual fundamental 
chain (See |F0009| for its thorough detail) that Proposition 4.8 and our definitions 
imply the following: 


Corollary 4.9. defines a structure of filtered A^o bimodule on CF{Li, L 2 ) 

over (C'F(Li), {mk})-{CF{L 2 ), {mfc}). 

Namely we have 

0 ^ ^ ,^2 (^15 ■ ■ ■ 5 ,k!^ ■ ■ ■ ^ki 5 2/5 5 ■ ■ ■ ; ) 5 ■ ■ • ? ^k 2 ) 

^ ^ ,/C 2 (^1 5 ■ ■ • 7 ^k'-^ (^ 2 ? • ■ • ; + — 1)5 ■ ■ ■ 5 5 ' ' ' ? ^^2 ) (4.25) 

^ ^ ■ ■ * 5 ^k!^ ■ ■ ■ 1 ^i-\-k'^ — l') i ■ ■ ■ 5 ^^2 ) * 

Here the sum in the first line is taken over k'^ with ki = k[ k”, k 2 = 

^2 ^2 ■ sum in the second line is taken over k'fii with ki 1 — k[ k”^ 
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i = \^... ,k'i + 1. The sum in the third line is taken over kl^^ i with A :2 + 1 = 
^2 ^2: i = 1 ,..., ^2 + 1 • 

See [FOOOll Formula (3.7.2)]. We remark that the first, second, third lines of 
Formula (4.25) corresponds to (1), (2), (3) in Proposition 4.8 respectively. 

Let 6 i, 62 be bounding cochains of CF{Li), CF{L 2 ), respectively. Following 
[FOOOll Definition-Lemma 3.7.13] we define 

■.CF{Li,L2)^CF{Li,L2) 

by 

KhAv) = X! ■ ■ ■ ,bi,y,b2, ■ ■ ■ ,b2). 

fci,/C 2 

(4.25) implies ^ 61,62 ° ^bi,b 2 = 0- 1 [FOOOll Lemma 3.7.14].) 

Definition 4.10. Floer homology of the pair ((Li, 61 ), (L 2 j ^ 2 )) is 

Ker 5 f,j 62 


(4.26) 


i7F((Li,6i),(L2,62)) = 


Ini(5bi,6 


This is the Floer homology appearing in (1.1), (1.3), (4.5). 

We finish digression and go back to the description of the compactifiation of the 

O 

moduli space L; Ri, R2, Ry, E). By definition, ends of type (III) 

correspond to the following fiber product. 

L] R'l, R2, R3', Xev_ Atfe"(i?(M), L; i?), ; i?2). (4.27) 

Here k[+k” = ki, Ex +E2 = E and R'x is a connected component of R{M) x^(2) E. 
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Figure 4.12 

Definition 4.11. The set M.ki,k 3 iiX,£x), L; Ri, R 21 R 3 ] E) is the union of the 
following fiber products: 


^x), L; R[, R 2 , R's', El) 

ev|° Xev_ Alfc2((M, £),L;i? 2 ,i? 2 ;-E' 2 ) 
ev“ Xev+ Alfc 2 ((M, £),i?(M);i?3,i?3;i53) 
ev“ ■M.k3^k^{R{M), L] Ri, Ri', E4^). 


(4.28) 


Here kl + kf + kf = ki, k^ + k^ + k^ = fc 2 , E 1 +E 2 + E 3 +E 4 = E and i? 2 , R 3 , R'l are 
connected components of R{M) R{M), R{M) x^(s) R{^)i R{M) y-Rijz) L, 

respectively. 

We remark that we i nclude the case when some of the 2nd, 3rd, 4th factors of 
the fiber product (4.28) is trivial. For example, if E 2 — 0, R 2 = R 2 and kf = 0 
then the factor M kli.{M,£),L]R' 2 ,R 2 \E 2 ) drops. 

Proposition 4.12. We can define a topology on Mki,k 3 {{X,£x),E]Ri,R 2 ,R 3 ',E) 
so that it becomes compact and Hausdorff. 

The space Aik^^k 3 {iX,£x), L; Ri, R 2 , R 3 ; E) carries a virtual fundamental chain 
such that its boundary is the sum of the virtual fundamental chains of the following 
5 types of fiber products. 

(1) The compactification of {4-.13), which is: 

Mk[,k3{i^,£x),L;Ri,R2,R3;Ei)evf> Xev_ Mk['{iM,£),L;R2,R2;E2). 
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(2) The compactification of which is: 

^ki,k' {{X, £x), L; Ri, R2, R'a', Ei)ev^ Xev+ Mk" {{M, £), R{M); i? 3 , -R3; E2). 


(3) The compactification of ( 4 . 21), which is: 

■Mk[,k!^i(^j ^x), L; i?3, i?2, i?3; £^l)ev“ Xev+ ,k '4 {R{M), L; Ri, R[; £ 2 ). 


(4) 

£x), L; Ri, R2, Rs] Ei)^^(i) Xevo Mk'({L] E2), 

where + A" = fci + 1, i?i + i ?2 = E. 

(5) 


■^kuki^{iX,Sx),L; i?i, i?2, -R 3 ; El) ^^(3) Xevo -^k'^ {R{M)', E 2 ) , 
where fcg + k'f = ^3 + 1 , _Bi + _B 2 = i?- 

Proof. (1)(2)(3) corresponds to the end of Type (I), (II), (III) respectively. (4) 
corresponds to the disk bubble on diW. (See Figure 4.13.) (5) corresponds to the 
disk bubble on d^W. All other bubbles occur in codimension 2. □ 



Figure 4.13 

We remark again that Mki,k 3 i{X,£x), L; Ri, R 2 , R 3 ; E) does not carry Kuran- 
ishi structure because Uhlenbeck compactification of the moduli space of ASD con¬ 
nections does not carry one. So we need to generalize the story of Kuranishi struc¬ 
ture and its virtual fundamental chain. We will do it in |Fu8| or in a separate 
paper. 

Now we consider ..., a;€ C'(Lx^(s)A; A^^), a;f \ ..., G C'(i?(M) x 

R{M)-Kl^), yi G C(i?(M) Xfl(s) i?(M);A^^) 4/2,ys G C{R{M) Xj^(s) L;Ao")- We 
define 

ifk^M ■■ CE{M,R{M))®CF{R{M))’^^®®CF{R{M),L)®CF{L)'^^® CF{M,L) 
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by 


{ipk^,kAy2\ x^^^;y3; x[^\ .. - yi) 

= ^[Mk3,ki{{X,£x), L; Ri, R 2 , Rs] E) 


ev^ ,ev(^) ,ev^ ,ev 


(1). 


(4.29) 


/ (3) (3) (1) (1) x\ 

{y 2 X x\' X ■■■ X xlj xy^x x\' X ■■■ X x yi)). 

Lemma 4.13. V’fci.fca satisfies the next equality. 

YI Hfe' (lAfea ,fc" {y2;x’f\...,x’f‘^;y3]x[^\..., x^^,J ),x^Yv-^ ^k !) 

+ Y ^^=3-fei (’^'=3 ( 2 / 2 ; a;f \ ..., ,..., a;^^^; yal x [^^,..., 

+ XI V'fe' .fcl (2/2; a:p\ ..., a;f^^, iifc-,fe» ,..., a;gX 3 ; aii^\ • ■ •, ),..., ) 

+ X V'fe''.fei( 2 / 2 ; a:^^\ ..., rtifc-(a;f \ ..., ■ ■ • 4^^; 2/3; ■ • ■ > 4?) 

+ X V'fe3.fcl'(2/2; a:4> • ■ •. 44 ^/ 3 ; 2^4. • • • > m/c;(4^^ • ■ •: 44;-i)> • ■ • > 44 
= 0 . 

Here the sum in the first line is taken over k[, k” with ki = k[ + k'f and n^' is the 
right filtered Aao module structure ofCF{M,L). 

The sum in the second line is taken over ^ 3 , k'f with ^3 = ^ 3 -!- k'f and n^i in the 
second line is the right filtered A^o module structure of CF(M, R{M)). 

The sum in the third line is taken over k{,kf, k 3 ,k 3 with ki = k[ + k'{, ^3 = 
fcg -|- k'f and nk'\k'' the third line is the filtered Ac^ bimodule structure on 
CF{R{M),L). 

The sum in the fourth line is taken over k 3 ,k'f,i with k 3 + 1 = k 3 + k'f, i = 

1,..., 2^3 and m^' in the fourth line is the filtered A^o algebra structure on CF{R{M)). 

The sum in the fifth line is taken over fc(, k", i with fci -1-1 = k[+kf, i = 1,..., k'{ 
and m^.' in the fourth line is the filtered A^o algebra structure on CF{L). 

Proof. This is a consequence of Proposition |4.12| In fact boundary components 
(1), (2), (3), (4), (5) in Proposition 4.12 corresponds to 1st, 2nd, 3rd, 4th, 5th lines 


of (4.29) respectively. 


We now define 

>fk, ■■ CF{{R{M), bM),L) ® CF{L)®'^^ ^ CF{M-L) 


by 


Tkt{yi,-,xfi \... ,a;4) = X^fe3.fci(lM; &M,---,/>M ; y3;a;i \ ... ,a;4), 

ki 


□ 

(4.30) 

(4.31) 


ki 


where 1 m (resp. 5 m) is as in Definition 3.7 (resp. Theorem 3.9). 
We claim 

X ( 2 / 3 ; 2^4: • • •, 2^4), • ■ ■, K) 

+ X ( 2 / 3 ; ^4, • • •, 2;4), ■ • ■, K) 

+ X ( 2 / 3 ; 3^4: • ■ • > Tnfc;'(a;i,..., x,+k'{-i), • ■ •, ai4) = 


(4.32) 


In fact 1st, 2nd, 3rd term of (4.32) corresponds 1st, 2nd, 5th lines of the formula 
in Lemma |4.I3[ respectively. Note the sum of 3rd line of the formula in Lemma 
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4.13 


vanish when we put 1/2 = 1m a nd x) ' = bM, because of (|3.9|). Note the sum 


of 4th line of the formula in Lemma 
is a bounding cochain. 


4.13 


vanish when we put = 6 m since 6 


M 


(4.32) means that (f = {(pk\ consists a filtered right module homomorphism 
(CF((i?(M),6M),L),{''"nfe}) ^ (CF(M; L), K})). 

To prove (|4.4| we consider the moduli space A4o,o((-^j ^x), L; i?i, i? 2 ,0) in 


Definition |4.7| We recall that this space consists of (21, 3 , to, u, where 

21 is a flat connection, u is a constant map, fl = ( 0 , 1 ] x K and = 0 . 

We also consider the case is the fundamental class, which is 1 m- Therefore the 
energy 0 part of is the identity map. 

The proof of Theorem |4.2| is complete. □ 


Remark 4.14. We remark that i/jkiM induces a chain map 

i; : CF{M, {R{M), 6 m)) 0 CF{{R{M), bM), (L, 6 )) ^ CF{M, (L, 6 )) (4.33) 

by using a bounding cochain 6 of L and bM of R(M). This map is very simi¬ 
lar to the map m 2 defining the composition of morphisms in J^{R{Yj)). The 


only difference is: in ( 4.33 ) M plays a role of a ‘Lagrangian submanifold’ or an 
object of ^^JF{R{'F))^ If we regard M as an ‘object’ of ^{R{Ti)), then 
Theorem 1.3 claims that this object ‘M’ is isomorphic to the object {R(M), bM) in 


JF{R(T,)). To prove this ‘fact’ we need to find an element of CF{M, {R{M), bM) 
which gives the isomorphism. The obvious candidate of such an element is the 
fundamental class 1m- Our proof of Theorem |1.3| shows that we can choose 6 m 
appropriately so that 1 m indeed becomes an isomorphism. 


Remark 4.15. The proof of Theorem |1.3| in this section has an analogue in the 
story of Wehrheim-Woodward functoriality. In fact we can use it to prove the next 
theorem. 


Theorem 4.16. Suppose we are in the situation Theorem \3.13\ Then for any spin 
immersed Lagrangian submanifold L of M 2 and bounding cochain 6 of the filtered 
Aoo algebra of L, we have a canonical isomorphism: 

HF{{Li 2 , 612 ), (-Li, 61 ) X (L, 6 )) ^ HF{{L 2 ,b 2 ), [L, 6 )). (4.34) 


To prove Theorem |4.16 we replace Figure 4.9 by the following Figure 4.14. 


® To regard M as an object of (i?(S)) is an idea which was a starting point of the whole 

project of ‘Floer homology of 3 manifolds with boundary’ and was mentioned in m- 
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-i - 




'I, 


U L. 


Figure 4.14 

Here we consider a combination of pseudo-holomorphic maps u from W. Namely 
on Wi we consider u as a map to Mi and on W 2 we consider m as a map to M 2 . 

We put C = Wir\W 2 . We assume u maps C to Li 2 - We also require u{diW) C L, 
u(d 2 W) C Li and u{d 3 W) C L 2 . Here d 2 W = dWi \ C, diW U d^W = dW 2 \ C. 

We use bounding cochain hi on d 2 W, 612 on C, 62 on d^W and b on diW. 
The role of 1 m in the proof of Theorem |1.3| is taken by the fundamental class of 

(Li X L 2 ) n Li2 = L2. 

We remark that Figure 4.14 is similar to |LL1 Figure 1]. In fact in case Li, L 12 , 
L 2 and L are all monotone, Figure 4.14 is a special case of [LLl Figure 1]. In fact 
m discussed the case of composition of Lagrangian correspondences Lqi from Mq 
to Ml and L 12 from Mi to M 2 . If we put Mq =point, then it corresponds to our 
situation. I also like to mention that the result of m obtained by [LLl Figure 1] is 
a variant of an earlier results in |WW1] and the map u : (IFi, H 2 ) — {Mi, Mi x M 2 ) 
is a particular case of objects called pseudo-holomorphic quilt in [WW 1) . 


5. Gluing isomorphism of relative Floer homology 


In this section we prove Theorem l.I (2). The proof is based on a similar idea 
as the proof of Theorem 1.3 in Section |4| We consider (Mi,£i) and {M 2 ,£ 2 ) as in 
Theorem |l.l| (2). Let (M, £) be a closed 3-manifold with SO{‘i) bundle obtained by 
gluing {Ml, 81 ) and {M 2 , 82 ). We fix a Riemannian metric on M. We will construct 
a chain map 


$ : CF {{ R { Mi ), bM ,),{ R { M 2 ), hM ,)) ^ CF { M , 8 -, kl '^) (5.1) 

which is congruent to the identity map modulo . Here the chain complex 
CF{M, 8 ', Aq'^) is the Floer’s chain complex which defines S'0(3)-Floer homology 
of {M, 8 ). We first review its definition from [Fllj . [F12| . 

We assume that R{Mi) is transversal to R{M 2 ) for simplicity. (We can remove 
this assumption by appropriate perturbation.) Then the set of flat connections on 
{M, 8 ) is a finite set and is identified with R{Mi) n R{M 2 ). We denote this set by 
R{M). 
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oo 

Definition 5.1. Let a_,a+ G R{M). We denote by At(a_,a+) the gauge equiva¬ 
lence classes of all connections 21 on (M x M, x M) such that the following holds. 


( 1 ) 

( 2 ) 


21 is an ASD connection. Namely it satisfies the equation (2.12). 
The energy £(2l) is finite. Here 


Sm = [ llT’af 

•J MxR 

(3) We put the following asymptotic boundary condition. There exists a gauge 
transformation g such that: 


lim 5*2l|Mx{t} = a+, lim g*^\Mx{t} = a-- (5.2) 

^—>•00 ^ >• —OO ^ 


Remark 5.2. Floer |F11| proved the following. The transversality of R{Mi) and 
R(M 2 ) implies that the convergence in (5.2) is of exponential order in the sense of 
(2.17). (See also Remark 2.5 ) 

Floer also proved the following if 21 be a connection satisfying (1)(2) above. Then 
there exists a_, a+ such that (3) is satisfied. 


OO 

We divide At(a_,a+) by the M action defined by translation and denote by 

OO 

Al(a_,o_|_) the quotient space. Including bubble in the same way as Uhlenbeck 

O 

compactification we obtain Af(a_,a+). Finally we define Af(a_,a+) as the union 
of 

o o o 

Af (a_,oi) X Af (oi, 02 ) X • • • X Af (ofc,a+), (5.3) 

where oi,..., afc G R{M). Then we can define a topological space Af (a_, a+) so 
that it becomes compact and Hausdorff. 

We now define 


Definition 5.3. Let CF{M,£) be a Z 2 vector space where the set of its basis is 
identified with R{M). 

The Floer boundary operator d : CF{M,£) —>• CF{M,£) is defined by: 

d[a-] ='^#{M{a-,a+))[a+], (5.4) 

where the sum is taken over all a+ G R{M) and a component of Af(a_,a+) such 
that the virtual dimension of At (a_, o_|_) is zero. 

By using the moduli space At (a_, a+) in case its virtual dimension is 1 we can 
prove do d = 0. We then put: 

Ker^ 

HF{M,£) = — (5.5) 

and call it the SO{3)-Floer homology. 

Since in Lagrangian Floer theory, it is standard to use the universal Novikov 
ring Aq^ as its coefficient ring, for the sake of consistency, we define a variant 
i7F(M,£; Aq^) of HF{M,£) which is a module over Aq^. 

We denote by a_|_)o the component of Af (a_, a_|_) of virtual dimension 0. 

Using the monotonicity, we find that the energy f (21) of elements 21 of Af (a_, a+)o 
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is independent of 21. We write it £(a_,a+;0). (This number is not defined if 
Af(a_,a_|_)o is an empty set.) We put 

CF{M,£;A^^)=CF{M,£)(g>2,A^^ (5.6) 

and define d' : CF{M,£;Af) CF{M,£-Af) by: 

a'[a_] = ^T^(“-’“+^°)#(X(a_,a+))K]. (5.7) 

“+ 

The proof by Floer of the equality d o d = Q can be used without change to show 
d' od' = G. We now define: 


Definition 5.4. 


HF{M,£-Af) 


Kevd' 

ima' ■ 


(5.8) 


Remark 5.5. This remark is not related to the proof of Theorem o (2) so much 
but is related to the point that Aq^ coefficient version might have some more infor¬ 
mation than coefficient version. 


( 1 ) 


Note HF{M,£-Al^) ^ HF{M,£) Oz, 
HF{M,£-,Al^) 

ran Z2 


In fact it is easy to see that 
*R{M), 


which can be in general different from rankz^ HF{M,£). This is so in case 
Floer’s boundary operator is nontrivial. 

We use Z2 coefficient here since we use it in the main theorems of this 
paper. However we can certainly definite HF{M,£-,Aq) since orientation 
and sigh is fully worked out in gauge theory Floer homology by Floer. 

(2) In case R{M) is not a finite set (or is not Fredholm regular), we need to 
perturb. The independence of F[F{M,£;Aq'^) of the perturbation does not 
hold. This is similar to the following fact: The Floer homology of a pair 
of Lagrangian submanifolds F[F{{Li,bi), (L2, 62 ); Aq) over Aq coefficient is 
not an invariant of Hamiltonian perturbation of Li, L2. (Namely for a 
pair of Hamiltonian diffeomorphisms ipi , ip 2 of our symplectic manifold, the 
isomorphism 


(¥^2(^2), (‘/22)*(&2 )); Aq) = HF{{Li,bi), (L2,^2); Ag) 

is false.) On the other hand, if we use A instead of Ag as a coefficient 
ring then 7JF"((Li, 61), (L2, ^2); A) becomes invariant of Hamiltonian iso- 
topy. (See [FOOOll Theorem 4.1.4] and |F00011 Theorem 4.1.5].) So 
there is an issue for the well-defined-ness of HF{M,£; Ag) in case R{M) is 
not Fredholm regular. Nevertheless we can use the argument of |FOOOll 
Section 6.5.4] to define F[F{M,£-,Aq) also in case R{M) is not Fredholm 
regular, if F is a field. 

The Floer homology HF{M,£;Aq) in general contain a torsion sub¬ 
group such as Aq /T^Aq as its direct factor, ft is not clear for the author 
whether such components can be applicable to the study of topology of 3 
or 4 manifolds. 


Let us go back to the proof of Theorem 1.1 (2). The chain complex in the 
right hand side of (5.1) is one defined by (5.6) and (5.7). The main part of the 
construction of (5.1) is the definition of the moduli space we use for that purpose. 
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We take a domain W C C such that the following holds. (See Figure 5.1.) 

Condition 5.6. (1) The intersection W (1 {z £ C \ Imz < —2} is { 2 ; G C | 

|Rez| < l,Imz < —2}. The intersection W (1 {z £ C \ Imz > +2} is 
{ 2 ; G C I |Rez| < l,Imz > +2}. 

(2) The intersection im{z G C | Im 2 : > +2} is {z G C | |Rez| < l,Imz > +2}. 
The intersection VFn{z G C j Imz < —2} is {z G C j iRezj < l,Imz < —2}. 

(3) The boundary dW has four connected components diW {i = 1, 2,3,4) each 
of which is a C°° submanifold of C and is diffeomorphic to K. Moreover 
diW = {z G C I Rez > 0,lmz > 0}, d 2 W C {z G C | Rez < 0,lmz > 0}, 
dsW C {z G C I Rez < 0, Imz < 0}. d^W C {z G C | Rez > 0, Imz < 0}. 

C 

J 




\\a/ 




I 


Figure 5.1 


We put C = {z I Rez = 0} C W and 

Wi = {z G IF I Rez < 0}, IF 2 = {z G IF I Rez > 0}. 

We take x : IF —?► [0,1] and a Riemannian metric g on S x IFi with the following 
properties. (See Figure 5.2.) 


Condition 5.7. (I) {z G C | xi^) > 0} = IFi. 

(2) On {z G IF I |Imz| > —3}, xi^) = x(R-ez ), wh ere x in the right hand side 
is the same function as one appeared in (2.11). g = x^ffs + ds^ + dt"^ on 
{z G IF I |Imz| > —3}, where we put z = s + ^/^t. 

On {z G IF I Rez < —3}, x(-z) = 1- S = 9^ + ds^ + on E x {z G IF | 
Rez < —3}, where we put z = s + y/^t. 

In a neighborhood of E x 92 IF (resp. E x 93 IF), the space E x IFi with 
metric g is isometric to the direct product qy , x (0, e) x K. Here x {0} x M 
corresponds to E X ^2 IF (resp. Ex 93 IF). This isometry is compatible with 
the isometry obtained by items (2) (3) in the domain described by those 
items. 

On a (—£,0) X K, x(-z) = x(IIez), where x in the right hand side is the 
same function as one appeared in (2.11). On E x (—e, 0) x K we have 
g = x^Qy + ds^ + dt"^ where we put z = s + 


( 3 ) 

( 4 ) 

( 5 ) 
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Figure 5.2 


We extend the metric g on S x Wi to a ‘singular metric’ on S x W by putting 
g = Ogs + ds^ + outside S x Wi. 

By Condition 5.7 (S x Wi,g) is isometric to (S x (0,e) x R,gs + ds^ + dt^) at 
a neighborhood of d 2 W (resp. d^W). We remark that M 2 ,o x K (resp. Mi^ x M) 
is isometric to (E x (—e, 0) xR,g-s + ds^ + dt^) at a neighborhood of its boundary. 
Here Mi^o = -^i \ (51 x (—1,1]), (resp. —M 2 ,o = —M 2 \ (S x (—1,1])). Therefore 
we can glue them together to obtain {Y, g). Here g is a ‘Riemannian metric’ which 
is degenerate on E x IT 2 . 

We remark that Y has 4 ends and 2 boundary components. The 4 ends corre¬ 
sponds to Rez — >■ ±00 and Imz ±00. The end corresponding to Rez —?> -l-oo is of 
the form E x [— 1,1] x [c, ckd). The end corresponding to Imz —)■ +00 is of the form 
—M 2 X [—1,1] X [c, 00). The end Rez — >■ —00 is of the form M x (—00, —c]. The 
end corresponding to Imz —>■ —00 is of the form Mi x (—00, —c]. 

The boundaries are E x diW and E x d/iW. We remark that we glued M 2 ,o x M 
(resp. Mi,o x K) to E x 02kF (resp. E x d^W). So E x d 2 W and E x ds.W are not 
boundary components of Y. 

The SO{3) bundles £ 1,82 on Mi,—M 2 induce an S'0(3) bundle on Y in an 
obvious way, which we denote by Sy- For a sm ooth connection 21 of Sy w e can 
consider the ‘ASD-equation’. Namely we require (2.12) on F\ (E x W 2 ) and (2.14) 
on E X IT C F. (Note ( |2.12 1 coincides with (2.14) on the ove rlappe d part.) We say 
21 is an ASD-connection by an abuse of notation if it satisfies (2.12) on F\ (E x IF 2 ) 
and (2.14) on E x IF C F. 

We consider also H which contains IF 2 . Namely H is a union of IF 2 and trees of 
disk and sphere components attached to dW 2 and IntlF 2 , respectively. We consider 
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the pair {fl,u) which satisfies Condition 2.7 except we replace (0,1) x K by W 2 . 
We call this condition Condition 12.71 ’ . 

Now we modify Definitions |2.9[ [2 . 23| and [5 . 8 | as follows. We consider the decom¬ 
positions (2.371 and (2.36). Let I{R{Mj)) be the index sets as in there. Namely 


kei{R(M,)) 

i?(Mi)xfl(s) R{M2)=R{M). 


J = l,2 


Let Rk j = 1,2 be connected components of R{Mj) Xfl(s) RiMj) and a_,a+ G 
We also take as in Definition 


5.8 


(5) below. 


Definition 5.8. We define the set M{{Y,SY)',a-,a+;Ri,R 2 ',i^^\i^‘^'^;E) as the 
set of all equivalence classes of (21,3, to, 11, u, satisfying the following con¬ 

ditions. (See Figure 5.3.) 

(1) 21 is a connection of Sy satisfying equations (2.12), (2.14). 

(2) 3 = ( 31 , ■ • ■ , 3 mi) is an unordered mi-tuple of points of F \ (S x IF 2 ). We 
put II 3 II = mi. We say the subset { 31 ,... , 3 mi} C F \ (E x IF 2 ) the support 
of 3 and denote it by | 3 |. We define multi : I 3 I —)■ Z>o by multi(a;) = #{z | 
Zi = x} and call it the multiplicity function. 

(3) to = (lui,..., fDms) is an unordered m 2 -tuple of points of C. We put ||rD|| = 
m 2 . We say the subset {roi,..., romal C C the support of to. We define 
multi : Iroj —>■ Z>o by multi(x) = ff{i \ Wi = x} and call it the multiplicity 
function. 

(4) n satisfies Condition |2.7| ’. 

(5) = (f(i)(l),...,f(i)(fci)) G I{R{Mi)f^ and?2) = (i(2)(l),..., *(2)(fc2)) G 
I{R[M2)f^ 

(6) .., z^^^) (resp. z^^i = (zf \ ..., 4!^)). 4^^ li®s on (resp. 




( 2 ) 


lies on cliH). None of z4 or zf’'^ is a nodal point. If f ^ j then 
z 4 zf\ zf^ ^ zf\ (z4 ,---,4f) (resp. (zf \ ..., z^^^) ) respects 
counter clockwise orientation of 9411 (resp. (9iH). 

(7) There exists a smooth map 7 ^^) ■ {z[^\ • • •, 4i4 RiMi) such that 

u{z) =ili|^M^){l{z)) on 94 VF\{z4,...,4?}- 

There exists a smooth map : 9ill \ {z 

that u{z) = iR(M 2 ){liz)) on d^W \{z^^\ ... ,z)^^}. 

( 8 ) For _) = 1,..., fci the following holds. 


,( 2 ) 
*1 I 


z [^4 ^ R{M 2 ) such 


( lim 7 ii)(z), lirn 7 irj(z)) g R{Mi)^^^^ .y 


Wi 


ztz. 


( 1 ) 


zlz 


( 1 ) 


(5.9) 


Here the notation z f zj, z f zj is defined in the same way as (2.38) 
For j = 1,... ,k 2 the following holds. 


( lim 7 ( 21 ( 2 ;), lim 7 ( 2 J( 2 ;)) g i?(M 2 ),( 2 )(j). 


W, 


ztz. 


( 2 ) 


2^2 


( 2 ) 


(5.10) 


Here the notation z f Zj, z f zj is defined in the same way as (2.38) 
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(9) We replace Condition 


2d 


(3) by the stability of (fl, m, Namely 

n satisfying the next three conditions is a finite 


the set of all maps v:fl 
set. 

(a) i; is a homeomorphism and is holomorphic on each of the irreducible 
components. 

(b) V is the identity map on (0,1] x K C fi. 

(c) uo V = u. 

(d) = zf\ j = 1 ,..., fci and v{zf^) = zf\ j = 1,..., /cg. 

(10) For (s,t) S W 2 we have 


[A(s,t)] = u{s,t). 


Here A{s,t) is obtained from 21 by (2.13). 

(11) The energy of ( 21 , 3 , to, fl, u) which is defined in the same way as Definition 
[2T0l is E. 

(12) We assume the following asymptotic boundary conditions, which are defined 
by using i?i, i? 2 , a_, 0 +. 

(a) 

lim 'y^‘^\z)= lim _ 7 (i)(z) = a+. (5.11) 

Z^ + 00 — y/—l ' " 


Here lim^_,,^^_^/ 3 Y is the limit when the real part of 2 ; S 94 W goes 
to + 00 . The meaning of limj,_,,^^_|_^y 3 j is similar. 

(b) We consider the restriction of 21 to E x {z € IF | Rez = —c} for c > 3. 

We glue it with the restriction 21 to (Mi)o = Mi \ (E x (—1, 1]) and 
(M 2 )o = M 2 \ (E X (—1, 1]) which are attached to E x {—c— and 

E X {—c + \/-M} respectively. (See Figure 5.4.) We call it ^\nez=-c- 
It is a connection on M = Mi U —M 2 . We assume that 2l|Rez=-c 
converges to a flat connection a_ as c —>■ 00 . 

(c) We consider the restriction of 21 to E x {z G W | Imz = c} for c > 3. 
We glue it with the restriction 21 to —M 2 = —M 2 \ (E x (—1,1]), which 
is attached to —1 + c-\/^. (See Figure 5.5.) We call it 21|imz=c- It 
is a connection of —M 2 . We assume that 2t|imz=c converges to a flat 
connection as c —)■ + 00 . We write its limit limc_>.+oo 21|iinz=c- 

Then we also assume 


( lim 21|iniz—c 

c—>-+oo 


lim 


7^^^(z) G i?2- 


(5.12) 


Here the meaning of lim^_,,_|_]^_|_^y 3 j is similar to (5.11). 

(d) We consider the restriction of 21 to E x {z | Imz = — c| for c > 3. We 
glue it with the restriction 21 to (Mi)o which is attached to —c+ V— 1 . 
(See Figure 5.6.) We call it 21|ii„z=-c- It is a connection of Mi. We 
assume that 21|ii„z=-c converges to a flat connection as c —>■ 00 . We 
write its limit limc_>.oo 2l|imz=-c- 
Then we also assume 


( lim 21|iniz——c 


lim 7 *^^)(z)) G i?i. 

>—00—x /—1 


(5.13) 


Here the meaning of is similar to (5.11). 

The equivalence relation is defined in the same way as Definition|2.11| 
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Figure 5.3 




Figure 5.4 
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Figure 5.5 




Figure 5.6 

We can define a topology on M{{Y, £y); a_, a_|_; i?i, i? 2 ; ; E) by modifying 

Definition |2.12| in an obvious way. 
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We put 


O 

■^fci.fc2 {(X^ X); a_, a+; i?i, i?2; E) 

= U U MiyXY);a.,a+-RuR2;X\X^;E) 

r(l);|i{l)|=fcl i'(2);|r(2)|=fc2 


o 

Mki,k 2 {XXY)', CL-, a+; Ri, R 2 ] E) is a Hausdorff space. 
We define evaluation maps 


a_, a+; Ri,R2;E) -Y {R{Mi) x^(s) R{Mi)X 
ev(2) : a_,a+; Ri,R2;E) -Y {R{M2) x^(s) R{M2)X ■ 


They are defined by (5.9) and (5.10), respectively. 
We also define the evaluation maps 


ev 


00 

i 


'■ MkiM ((^! X)': Cl-, Ri, R 2 ; E) —>■ Ri 


(5.15) 


for i = 1,2. They are defined by (5.13) and (5.12). 


Note MkiMiXXY), CL-,a+; Ri, R 2 ] E) is not yet compact. There are still four 
types ends, which are, 


(1) A pseudo-holomorphic strip escape to the direction Re(z) —)■ + 00 . 

(II) An ASD-connection escape to the direction Im(z) —>■ + 00 . 

(III) An ASD-connection escape to the direction Re(z) —)• — 00 . 

(IV) An ASD-connection escape to the direction Im( 2 ) —)• — 00 . 


By definition, ends of type (I) correspond to the union of the following direct 
products. 


i?i, R 2 ; Ai) 

X M.k'i,k'^{R{Mi), R{M2)\ {«+}, {a+}; E 2 ). 


(5.16) 


Here -|- k” = fci, -I- k'^ = ^ 2 , Ei + E 2 = E and S R{Mi) n R{M 2 ). (Figure 
5.7) 

The moduli space M.k'i,k'^{R{M 2 ), R{Mi)\ {a+}, {a+}; E 2 ) is defined as the union 
of (4.22). Note in our case we assume R{Mi) is transversal to R{M 2 ). Therefore 
each of the connected components of R{Mi) n R{M 2 ) consists of a single point. 
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Figure 5.7 


By definition, ends of type (III) correspond to the union of the following direct 
products. 

AIfci,fc 2 ((F,£y);a+,a'_, x Mia'_,a_; E 2 ). (5.17) 

Here Ei + E 2 = E and a'_ G R{M) = R{Mi) n R(M 2 ). The moduli space 
\ E 2 ) is defined as the union of (5.3) (Figure 5.8). Note we need to rotate 
the bubble appearing at the part Rex —)■ —00 by 90 degree clock-wise direction. 
Therefore after rotation a'_ will appear in the part Imx —)■ — 00 . So a'_ and o_ 
appears as a(_,a_ in the second factor of (5.17). 



Figure 5.8 


We next describe the ends of type (II). For this purpose we use the moduli space 
£), L; R_,R^-,E) defined in Definition 2.23 This moduli space is defined 
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as the set of solutions of a partial differential equation on a space which is obtained 
from a 3-manifold with boundary, which was denoted by M in Section Here 
we consider either Mi or —M 2 as a 3-manifold M with boundary. So we use the 
notations £ 1 ), L; i?_, i?+; i?) or Mk{{—M 2 , £ 2 ), L; R-, R+; E). (We also 

take L = R{Mi) or L = R{M 2 ).) 

Now the ends of type (II) is described by the fiber product: 


,^2 ( (^; ) 7 ;-^1) 

ev|° Xev_ ■Mk'^{{ — M^2,£2),R{M2)',R2,R2',E2)- 

Here ^2 = ^2 + ^ 2 ^ + E 2 and R '2 is a connected component of R{M 2 ) Xr{-e) 

R(M 2 ). (Figure 5.9) 

c=; 


C=^ ) 

I 

r/ 





Figure 5.9 


Similarly the ends of type (H) is described by the fiber product: 


Mk[,k2i{Y, £y)', a-, R[, R2; Ei) 

ev“ Xev+ ■Mk'^{{Mi,£i), R{Mi)\Ri, R\\E 2 ). 


Here ki = k'^ + fc", E = E 1 + E 2 and i?( is a connected component of R{Mi) Yihy) 
R(Mi). (Figure 5.10) 
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Proposition 5.9. We can compactify Mki a_, a+; i?i, i? 2 ;-E) to a com¬ 

pact Hausdorjf space Aiki,k 2 iiY,SY)',a-,a+;Ri,R 2 ;E). It carries a virtual funda¬ 
mental chain, whose boundary is the sum of the virtual fundamental chains of the 
following 6 types of spaces. 

( 1 ) 


■M.k'^^k'.^{{y,£Y)\a-,a'j^-, Ri,R 2 \Ei) x i?(M 2 ); {«+}, {a-i-}; E 2 ), 


( 2 ) 

(3) 


where the notations are as in 


Mki,k 2 iiY,£Y);a'_,a+;Ri,R 2 ]Ei) x M{a-,a'_; E 2 ), 
where the notations are as in (5.11). 


£y)', a-,a+', Ri,R' 2 \ ^^l)ev|° Xev_ At fe''( ( —M2, £2) , -^(-^2) i t?2j R2', E2), 


(4) 


where the notations are as in (5.18). 


Atfc'_fc2((4^) '^y); O-, <2-1-; Ri,R2', t?i)ev“ Xev+ At fc"((Mi, £i), R{Mi); Ri, R(;E 2 ), 
where the notations are as in 

(5) 


Atfc'_fc2((4^i^Y); <2-, a-i; t?i, t?2; Ei) Xevo Atfc»(i?(Mi); _B2), 
where fci + 1 = A;( -|- fc", E = Ei -\- E 2 , t = 1,..., . 
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( 6 ) 

Mki^k'^{{Y,SY)\a-,a+\Ri,R2] Ei) ^^( 2 ) Xevo Mk'^{R{M2); E 2 ), 

where ^2 + 1 = ^2 + ^ 2 ^ E = Ex + E 2 , z = 1,..., • 

Proof. The first 4 items describe the boundaries (I), (II), (III), (IV), respectively. 
(5) describes the disk bubble on d^W and (6) describes the disk bubble on dxW. 
All the other bubbles occur in codimension 2 or higher. □ 


We next rewrite Proposition |5.9| to an algebraic formula. 


We first need a digression. The second factor in Proposition 5.9 (3). we used 
—M 2 and we use ev_ to take fibre product. In the construction of right filtered Ago 
module structure in Section the evaluation map ev_ corresponds to the input 
variables. When we change from —M 2 to M 2 the input variables becomes the 
output variables. Namely we have an isomorphism 

Mkii-M2,S2),R{M2y,R-,R+;E) ^ Mkm2,£2),RiM2);R+,R--,E) 

which intertwine (ev_,ev+) to (ev_|_,ev_). Moreover z-th evaluation map ev^ : 
Mk{{—M 2 ,£ 2 ),R{M 2 );R-,R+;E) —>• R{M 2 ) becomes (A: — z)-th evaluation map 
evfc_i : AikiiM 2 , £ 2 ), RiM 2 ); R-, R+; E) R{M 2 ) by this isomorphism. 

This fact is used in Lemma 15.101 below. 

We now define the map 

:CF{Mx,R{Mx))®CE{R{Mx)f-® 

®CE{R{Mx),R{M2 )) (5.20) 

®CE{M2,R{M2))®CF{R{M2)f^® ^ CF{M-£) 

by the formula 

^k\,k 2 \E\yil 3^1 1 • • • 1 ■ 5 ^k 2 ' 

= y] #(-Vlfci,fe2((V, £y); a_, a+; i?i, i?2; E) 


(5.21) 


X (1/1 X X • • • X X ?/2 X x\ 


( 1 ) 


.( 2 ) 


X X 


))[«-]■ 


Here yx G CF{Mx,R{Mx)) and z /2 G CF{M 2 ,R{M 2 )), a+ G CF{R{Mx), R{M 2 )), 
a- G CF{M-£). 

We then put 

^’fci.fca = (5.22) 

E 

Proposition |5.9| implies the next formula: 

Lemma 5.10. 

d{^kuk 2 {yi,x''x\ ■ •. a+;z/ 2 ;a:f\... ,x^^^^)) 

= 51 $fc"./c''(yi; 2 ;l^\ ... ,4b'^fcm{4''+i. • ■ ■ ■ • ■ ,4J); 2 / 2 ; 4^1+1, • • • , 42 ! 

i'^k[ ( 2 / 1 ; 2:^4 a+; y 2 ; a:4 ) 

+ '^^k^,k'^{yi;x[^\---, 2:4 ; ®+ ; ( 222 ; ^k2 : ■ ■ • : 2^4+1) ; 2^4 > ■ • • > ) 

+ 51 ®fc;'.fe 2 ( 2 /i; a;4: ■ ■ ■, mfe- (4^1 ■ ■ •, 414’ 44 «+; 2 / 2 ; a;4, ■ • ■, 44 

+ 51 (2^1; *11 ■ • ■ ’ *14 2 / 2 ; x‘f \..., mfc- (4^1 ■ • ■, 414-i): ■ • ■ ’ *14- 
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Here d in the first line is Floer’s boundary operator (Definition \5.^ . 

Proof. 1st, 2nd, 3rd, 4th, 5th, 6 th lines of the formal corresponds to items (2), (1), 
(4), (3), (5), ( 6 ) of Propositionrespectively. □ 

We define a map $ : CF{R{Mi), R{M 2 )) CF{M;£) by 

m(a_|_) ^ All 5 ^ALi 5 ■ ■ • ) ^ALi 5^+7!- M2 7 ^M2 7 ■ * ■ 7 ^M2 ) ■ ( 5 . 23 ) 

ki,k 2 

Lemma 5.11. $ is a chain map. Namely 

5 o $ = $ o *'“1 (no)^“2 


Proof. We recall 

'’"1 ( no)^“2 (a_^) = nfei,fc,(&Mi7---7&Mi;a+;&M27---7&M2)- 

ki ,k 2 

We put yi = 1mi7 2/2 = IM 27 = 6mi 


( 2 ) . 
x} = 6 m 2 


in Lemma 


5.10 


Then the 


first line becomes 9 o $. The second line becomes ^“1 (no )^“2 (a+). The third line 
cancels since = 0. The fourth line cancels since (i^"i(lM 2 ) = 0. The 

fifth line cancels since 5 mi is a bounding cochain. The sixth line cancels since bM 2 
is a bounding cochain. □ 


We thus defined a chain map (5.1). To show that it is an isomorphism it suffices 
to prove the next: 


Lemma 5.12. $ = id mod 


Proof. We remark that both CF{R{Mi), R{M 2 )) and CF{M;£) are free Aq^ mod¬ 
ule with basis R{M) = R{Mi) n R{M 2 ). So the statement makes sense. 

Since 6 mi 7 &Af 2 = 0 mod it suffices to study 4 )o,o; 0 - 

The map <i)o,o ;0 is defined by the moduli space A 4 o,o((y ^7 ^y); a_, a+; i?i, i? 2 ; 0). 

From the definition it consists of equivalence classes of elements ( 21 , 3 , to, 12, it) 
such that 21 is a flat connection u is a constant map and 12 = W. Therefore 
21 = a_ = o+. Using the fact that 1 mi and 1 m 2 are fundamental classes also we 
can prove the lemma easily. □ 


The proof of Theorem |1.1| and other results stated in the introduction are now 
complete modulo the construction and the check of its basic properties of the moduli 
spaces we used. □ 


Remark 5.13. This remark is a continuation of Remark |4.15[ Let Mi and M 2 be 
symplectic manifolds and L 12 an immersed Lagrangian submanifold of Mi x —M 2 . 
Let Li, L'l be immersed Lagrangian submanifolds of Mi. We obtain an immersed 
Lagrangian submanifolds L 2 (resp. L' 2 ) of M 2 by using Li and L 12 (resp. L'l and 
Li 2 ). We assume Mi, M 2 , L 12 , Li, L[ are spin. Then L 2 and L 2 are spin. Let 61 , 
&i, 612 be bounding cochains of the filtered A^o algebra associated to Li, L[, L 12 , 
respectively. 

Then by Theorem |3.13[ we obtain bounding cochains &2 and h '2 of L 2 and L' 2 , 
respectively. In the same way as the construction of the chain map (5.1) and the 
proof of Theorem o ( 2 ) we can construct a canonical homomorphism 

‘^iL,2ML--HF{{LMAL'M)^HF{{L2,h2),{L'2,b'2)). (5.24) 


The construction is based on the following Figure 5.11. 
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1 


I 


7 . 


Figure 5.11 

We can enhance the homomorphism ‘h(Li 2 ,t>i 2 ) ^oo functor 

^(Ai 2 ,f>i 2 ) : (5.25) 

Note this map ^(Li2,bi2) ^lot be an isomorphism in general. In fact Li n L'l ^ 
L 2 r] L 2 in general. 

This functor was constructed by Ma’u-Wehrheim-Woodward |MWW) under cer¬ 
tain additional assumptions. In the same way as Lekili-Lipyanskiy m we can 
prove its compatibility with composition. Namely: 


Theorem 5.14. Let he another spin symplectic manifold and L 23 an immersed 
spin Lagrangian submanifold of M 2 x —M 3 . Suppose 623 Is a bounding cochain of 
L23. Let Li 3 = Li 2 Xm 2 1^23- (Then *Li 3 : ^13 —t T 13 C Mi x M 3 is an immersed 
Lagrangian submanifold.) 

Applying Lagrangian correspondence L 23 to L 2 and L '2 we obtain immersed La¬ 
grangian submanifolds L 3 and Lg respectively. (They coincide with the immersed 
Lagrangian submanifolds obtained from Li and L'l by L 13 .) 

We apply Theorem 3.13 to ( 122 ,^ 2 ) (resp. (T 2 j^ 2 )J o,nd ( 1223 ,^ 23 ) and obtain 
bounding cochain b 3 (resp. 63 j of L 3 (resp. L'^). 

(1) The immersed Lagrangian submanifold L 13 is unobstracted. Moreover the 
bounding cochains 612 and 623 induce a bounding cochain 613 of L 13 in a 
canonical way, up to gauge equivalence. 

(2) The bounding cochain 63 (resp. b'^) is gauge equivalent to the bounding 
cochains obtained by applying Theorem 3.13 to (Li 3 , 6 i 3 ) and 63 (resp. b'^). 

(3) We have equality 

^{L23,b23) ° ^{Ll2,bl2) = ^{L33,bl3) ’ HF{{Ll,bl), {L'i,b'i)) ilF((L3,&3), {L’r^,b'^)). 
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Sketch of the proof. Proof of ( 1 ): We consider the maps u from the cylinder of 
infinite length in the Figure 5.12 below, where three regions Wi, W2 and W3 are 
mapped to Mi, M2 and M3, respectively, by a pseudo-holomorphic map u. We 
also require that the three lines Ci2^ C23 and C13 are mapped to L12, L23 and L13 
respectively. 

We are in Bott-Morse situation and the asymptotic limit as we go to plus or 
minus infinity is an element of 

Li3 XM1XM3 Lis = {Li2 X L23 X L13) X(m3xM 2XM3)2 ^MixMaXMa 

Here AmixMsxMs is a diagonal. (We can work out analytic detail by regarding 
this moduli space as those to define Floer homology 

HF{Li2 X L23 X Fi 3 , AM1XM2XM3) 

of a pair of immersed Lagrangian submanifolds of (Mi x M2 x Ms)'^.) 

We use bounding cochains 612, ^23 to cancel the effect of bubbles on C12, C23, 
respectively, in the same way as |FOOOl| . 

Then using marked points on the line C13, we can define a structure of filtered 
right Aao module on CF{Li2 x L23 x L13, AM1XM2XM3) over the filtered Aoo algebra 
CF{Li3). In the same way as Section]^ we can show that the fundamental class is 
a cyclic element of this right filtered A^o module. Thus applying Proposition | 3 . 5 [ 
we obtain 613. 



Figure 5.12 

Proof of ( 2 ): We denote by (resp. 63 ) be the bounding cochain on L3 (resp. 
on Lg) obtained from (T23J&23) and (^2,^2) (resp. We remark that 

(^2,62) (resp. (^21^2)) obtained from (Ti2,5i2) and (Li, 5 i) (resp. {L[,b[)). 

We denote by (resp. 63^) the bounding cochain on L3 (resp. on Lg) obtained 
from (Li3,&i 3) and (Ti,6i) (resp. {L[,b[))). 

Let (L, b) be a pair of an immersed spin Lagrangian submanifold of Mg and its 
bounding cochain. We consider the moduli space of pseudo-holomorphic quilt as in 
Figure 5.13 below: 










66 


KENJI FUKAYA 


Li Lij Lj 


•- 

ll. 

‘■S 


J 

_^ 

d. 



L 

V, 


^3 


Dj 


Figure 5.13 


Here the domains Vi, V 2 and V 3 are mapped to Mi, M 2 and M 3 respectively 
and the maps are pseudo-holomorphic. We also require the four lines Di, D 12 , D 23 
and are mapped to Li, L 12 , L 23 , L respectively. Using bi, 612 , &23 and b to 
cancel the bubble on the lines Di, D 12 , D 23 and D 3 , respectively, we obtain a chain 
complex, on the A® module. 

C{Li XMi Li2 Xm2 L 23 XM 3 L-A2). = CFiLi; Li2] L 23] L) 

We write its cohomology by HF{{Li,bi)-, (A 12 , 612 ); (^ 23 ) ^ 23 ); {L, b)). We claim 


HF{{Li,bi)-, (U 12 , ^ 12 ); {L 23 , ^ 23 ); {L, b)) = HF{{Li,bi) x (L, 6 ); (U 13 , bis)). (5.26) 


The proof of (5.26) is basically the same as the proof of the corresponding result in 
m- Namely we use the next Figure 5.14. (Figure 5.14 is the same as m Figure 
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L 




Figure 5.14 


We consider maps u from V in Figure 5.14 such that Vi, V 2 , V 3 are mapped by u 
to Ml, M 2 , M 3 , respectively. We also require that the curves Ei, E 12 , E 23 , E 13 , E 3 
are mapped to Li, L 12 , L 23 , L 13 , L, respectively. Moreover we conformally identify 
a neighborhood of the point O as the (half of the) cylinder as in Figure 5.12. 

We use bounding cochains bi, 612 , & 23 : & 13 , b to cancel bubbles on the lines Ei, 
Ei2, E23, Ei3, E3, respectively, in the same way as [FOOPlj . At the point O 
we use the cyclic element (the fundamental chain) to define asymptotic boundary 
condition. 

We remark that Vi, V 2 , V 3 are in the clock-wise order in Figure 5.14 and are in 
counter-clock-wise order in Figure 5.12. This changes the cycle we put to O from 
output variable to input variable. 

Then in the same way as the proof of Theorem [H] ( 2 ) given in this section, the 
remaining boundary component is the next two cases. 


(I) A pseudo-holomorphic strip escape to the direction Imz —>■ -foo. 
(II) A pseudo-holomorphic strip escape to the direction Imz —)■ — 00 . 


(I) gives the boundary operator defining 71F((Li, 5i); (L 12 , 5 i 2 ); (T 23 , ^< 23 ); (A, 5)). 

(II) given the boundary operator defining HF{{Li,bi) x {L,b); {Li3,bi3)). There¬ 
fore we obtain a chain map between two chain complexes defining them. We can 
show that this chain map is congruent to the identity map mod Ag , since the energy 
zero element of this moduli space is a constant map. This proves (5.26). 

We next prove: 


HE{{Li,bi); (Ai 2 , 612 ); (A 23 , ^ 23 ); (A, b)) = HF{{L3, 63), (L, b)). 


(5.27) 


To prove (5.27) we consider the next Figure 5.15. We consider a map u such that 
it is a map to Mi, M 2 , M 3 on the domain Ui, U 2 , C/ 3 , respectively. We also require 
u maps El, F2, F3, F^, F12, F23 to Li, L2, L3, L, L12, L23 respectively. 
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We put bounding cochains bi, 62 , ^ 3 , b, 612 , &23 on Fi, F 2 , F 3 , F^, F 12 , F 23 , 
respectively to cancel the contribution of disk bubbles there. 

We regard the ends O 12 and O 23 are as Figure 4.15 and put asymptotic boundary 
conditions by using fundamental classes there. 


^1 Lij E 



Figure 5.15 

Thus the remaining boundary component of this moduli space is as in (I) and (II) 
above. (I) corresponds to the boundary operator defining left hand side of ( |5.27 ). 
(II) corresponds to the boundary operator defining right hand side of (5.27). There¬ 
fore we obtain a chain map. Using the fact that energy zero solution corresponds 
to the constant map and we put fundamental classes at O 12 and O 231 we find that 


this chain map is congruent to the identity map modulo . 

On the other hand, Theorem |3.13| implies 

HF{{L,,b,) X (L, 6), (Li3, 613)) = HF{{L 3 ,bl), (L, b)). 


We proved (5.27). 


(5.28) 


Combining (5.26), (5.27), (5.28) we find 


HFiiLs, bl), (L, b)) ^ HFiiLs, b^), (L, b)). (5.29) 

It is straightforward to check that the isomorphism ( |5.29 ) is functorial. Namely two 
filtered A^o functors represented by (L 3 , 6 |) and by are homotopy equiv¬ 

alent. Using Aoo-Yoneda’s lemma two objects (L 3 , 6 |) and {L^.bl) are homotopy 
equivalent. It implies (2). 

We omit the proof of (3). (We will prove it in |Fu9| .') We can also enhance the 
isomorphism in (3) to a homotopy equivalence between two filtered A^o functors. 

□ 


6. Concluding remarks 

6.1. Topological field theory description. We remark that the results of this 
paper provides 2-3 dimensional topological field theory picture of Gauge theory 
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Floer homology. (Such a picture is initiated by |D4] . |Fu2] and also by G. Segal, in 
early 1990’s.) 


Let {M,£m) be as in Situation 2.1 We divide DM into two pieces, input part 
dinM = Sin and output part dmM = Sout- For doutM = Eout we invert the 
orientation. 

Definition 6.1. We call this situation that {M,£m) is a cobordism from (Ein,£in) 
to (Souti^out)- 

The space i?(S) with it symplectic structure we is written as 
(i?(S),a;E) = (i?(Sin), WEi„) X (.R(Sout), —WSout)- 
The space of flat connections R{M) of M is an immersed Lagrangian submanifold 
of it. By Theorem |1.1| (1) we obtain a bounding cochain 6 m of the filtered A^o 


algebra associated to R{M). Therefore (5.25) induces a filtered A^o functor 

^ .^^jr(i?(Sont)). (6.1) 

This construction behave functorially as follows. Let {Mi 2 ,£i 2 ) (resp. {M 23 ,£ 23 )) 
be a cobordism from (Si,£i) to {'£,2,£2) (resp. from (112,^2) to (S 3 ,f 3 )). 

We glue {Mi 2 ,£i 2 ) and {M 23 ,£ 23 ) along (T, 2 ,£ 2 ) to obtain {Mi 3 ,£i 3 ). 

Theorem 6.2. The composition 4>m23 ° homotopy equivalent to $Mi 3 as 

filtered Aoo functors. 

Sketch of the proof. We remark that in case Si = S 3 = 0, this is Theorem 0 ( 2 )- 
For the proof of the general case we first consider filtered A^^ bifunctor 

.^^jr(i?(Si))°P X .^^Jr{R{T.2)) (6.2) 

Here op stands for the opposite A^o category. (See |Fii 6 l Definition 7.8].) Note the 


left hand side of (6.2 1 is a full subcategory of i?(Si) x i?(S 2 )). (See |Ln|.l 

Therefore object of .^'^J^(i?(Si) x —i?(S 2 )) represents a functor as in (6.2). 
The pair ( 7 ?(Mi 2 ), 6 M 12 ) is such an object and it represents 

((Li, 61), (L', b'^)) ^ HF{<S>M^ALi,bi), (L', 6')). 


This is a consequence of Theorem 3.13 Namely (6.3) is isomorphic to 


HFiiR{M,2),bM,,)ALi,bi) X (S', 6')) 


(6.3) 


(6.4) 


by Theorem |3.13| 


On the other hand, Theorem 1.4 implies that the Floer homology group (6.4) is 


isomorphic to iLF"((Mi 2 , £ 12 ), (Li, 61 ) x (^ 2 )^ 2 )))- We can rephrase the definition 
of this group in Section]^ and find that it is a homology group of the chain complex 
C{R{Mi 2 ) Xfl(E) (Li X Ag^) whose boundary operator is defined by using the 
moduli space of solutions of ( |2.12[ ), (2.14) on the domain described in the next 
figure. 
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Figure 6.1 

Here the domain is divided into 3 parts. On two of them Wi and W 2 we use 
degenerate metrics Og^i + ds^ + dt^ and QgT .2 + ds^ + dt^, respectively and our 
equation is a holomorphic curve equation to i?(Si) and to R{T, 2 ), respectively. 
The third part is M 12 x M, on which we consider the ASD-equation (2.12). The 
metric is of the form + ds^ + dt^ near their borderline curves Ci and ( 72 , 

where x is a function similar to those we used several times. 

We require that the holomorphic curve takes boundary value in Li and L '2 on 
the boundary diW and d 2 W, respectively. 

We require asymptotic boundary conditions for t —> ±00 by using elements of 
Li Xfl(Ei) R{Mi 2 ) y~R(T. 2 ) d^ 2 - We cancel the contribution of the disk bubble on diW 
and on 82 W by using bounding cochains &i and &2 i^i th® same way as |F()()()1| . 
We thus obtain a boundary operator on C{R{Mi2 ) Xi 7 (s) {Li X L^); Ap^). 

It is easy to see from definition that the homology group of this chain complex 


IS 


i7F((Mi2,£:i2),{(TixL'),(6ix6'))). 
The isomorphism (6.4) = (|6.5|) is a consequence of Theorem 1.4 


(6.5) 


We go back to the proof of Theorem 6.2 Let (Li, 6 i) (resp. (^ 3 , 63 )) be an 
object of (resp. ^{R{Y, 3 ))). We put <i)Mi 2 (Ai? ^ 1 ) = (A 2 , & 2 )- 


( 6 . 6 ) 


To prove Theorem |6.2| it suffices to construct a functorial isomorphism: 

iJF($M23(A2, & 2 ), (Ajn b'^)) - i7F($M,3(Ai, &i), (A' 3 , b'^)). 


We use the moduli space obtained by the solution of (2.12), (2.14) on the domain 
described in the next figure. 
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This domain is divided into 4 pieces. On three of them Vi, V 2 , V 3 we use the 
degenerate metrics Oi/Sj + ds^ + dt^, Ogsj + ds^ + dt^, Ogsj + ds^ + dt^, respectively. 
So our equation is a holomorphic curve equation to i?(Si), i?(S 2 ), i?(S 3 ) on Vi, 
V 2 , V 3 respectively. 

The fourth part of the domain Xq is a Riemannian 4-manifold. It has three 
ends. Two of them are in the part t —>■ —00 and are isometric to M 12 x (— 00 , —c] 
and to M 23 X (— 00 , —c]. The third end is in the part t —>■ -l-oo and is isometric to 
Mi 3 X (c,-foo). On Xq we require the ASD-equation. 

Xq intersects with x on E x Near the borderline curve Ci (which is 
diffeomorphic to M) the ‘metric’ is isometric to one of the form x(s)^gEi +ds'^ + dt^ 
where x is a similar function as we used several times in this paper. 

We put diV = dVi \ Ci. They are diffeomorphic to M. On diV we put the 
following boundary conditions. We put $ 12 (^ 1 , &i) = (T 2 ,& 2 )- 

(1) The image of the restriction of Ui to diV is in Li. 

(2) The image of the restriction of U 2 to d 2 V is in L 2 - 

(3) The image of the restriction of U 3 to d^V is in Lg. 

Actually in case Li, L 2 or Lg are immersed we need to state the boundary condition 

a bit more carefully. Since we explained the way how to do so in a similar situation 
several times already in this paper we omit it here. 

We now consider the asymptotic boundary conditions for three ends. We take 


a-,a+ G Li Xjk^Mis) Eg = T2 x 
Note the isomorphism in (6.7) can be proved by 


R(M23) ^ 3 - 


(6.7) 


R{Mi3) — R{Mi2) X^(22) R{M23) 
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L 2 — Li R{Mi2). 

(I) At the end isometric to M 12 x (— 00 , —c] we require that our connection 
converges to a flat connection in L 2 - In other words we put the fundamental 
class 


[L 2 ] G C{Mi 2 Xr(^i)xR(^ 2 } (^1 ^ 1 ^ 2 )) = C{L 2 XRCS 2 ) ^ 2 )- 

(II) At the end isometric to M 23 x (— 00 , —c] we require that our connection is 
asymptotic to a_. 

(Ill) At the end isometric to M 13 x [c, + 00 ) we require that our connection is 
asymptotic to a+. 

Finally we use bounding cochains bi, 62 and b\ on diV, d 2 V and d^V, respectively, 
to cancel the contribution of the disk bubble there. 

We use this moduli space in case when its virtual dimension is 0 to define a 
matrix element ($(a_),o+) of the map 

$ : CF{^M 22 {L 2 M)AL' 3 .b' 3 )) ^ CF((M3, £ 3 ), (Ai, 61 ) x (4, &(,)). (6.8) 


We claim that $ is a chain map. To prove it we consider the same moduli space 
when its virtual dimension is 1. We study its boundary. 

The contribution of the codimension one boundary corresponding to the disk 
bubbles on diV is zero since we used bounding cochains &i, 62 and b\ to cancel it. 
The contribution of the codimension one boundary corresponds to the end of type 
(I) also vanishes. This is because of the choice of & 2 - (In fact we used Proposition 
|3.5| to find 62 . In other words, the fundamental class which we put as an asymptotic 
value at this ends, is a cycle.) 

The two other ends (II) and (III) correspond to the boundary operator of the 
source and target of ( 6 . 81 , respectively. Thus ( 6.81 is a chain map. 


The energy 0 solution of our equation consists of flat connections and constant 


maps. We use this fact to prove that (6.81 is congruent to the identity map modulo 


We thus constructed an isomorphism (6.6). 
We omit the proof of functoriality. 


□ 


Theorem 6.3. We have the following additional properties of our functor M 12 1 —t 

( 1 ) ^^j(r{R{Y.i u S2)) = X ^^jr{R{j:2))- 

(2) JF{R{—'S)) = df ^JF{R{Ti))°'^. Here op denotes the opposite filtered 
Aoo category. 

(3) We invert the orientation of M 12 and obtain M 21 . We use the same bundle 
£12 = £21 • Then ^Mi 2 Ihe adjoint functor to $m 2 i • Namely there exists 
an isomorphism 

HFi<^>M, 2 iLi,b,), (£',&')) = HFi^M 2 AL 2 , b'2), (£ 1 , 61 )), 
which is functorial. Namely the left and right hand sides are homotpy equiv¬ 
alent as filtered Aao bifunctors (6.^ . 

(4) Suppose doutiM,£) = —din{M,£). We glue 9out(Af,£) and cIin(M,£) in 
(M, £) to obtain a closed manifold with bundle, (M,£). Then the following 
isomorphism holds. 

HF{M,£) (g)z, A^^ ^ H{Jifff.^{3T),^M22)) ®Z2 
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Here JD : i?(Sin)) is the identity functor and the right 

hand side is the homology of the chain complex consisting of pre-natural 
transformations from JD to $ 12 . (See |Fu 6 [ Definition 7.49] J 


Proof. (1) is obvious from the definition. 

(2) We observe that i?(S) = i?(—S) as spaces. On the other hand, the symplec- 
tic forms and complex structures J_r(e), are related by the 

formula: 


^R(-E) = Jr(-T.) = —Jr{T.)- 

This implies (2) as follows. We remark that an (immersed) Lagrangian submanifold 
L of is also a Lagrangian submanifold L of (i7(S), —0 J r{y,))- We 

consider the moduli space /3), which appeared (2.29) and 

is the case when we take (R(S),ojr(s)) as the ambient symplectic manifold. 

We have an isomorphism 


Mk+i([R['SP) ,uj R(Y,))\ L] fi) = Mk+i{{R{P‘),—taR(^))]L]—fi) 

of spaces with Kuranishi structures. This isomorphism is defined by sending an 
element (u; (zq, zi,..., Zk)) of the left hand side to (u; (fZQ,Sk,Sk-i^ ■ ■ ■, ^i)). Here 
u{z) = u(z). Therefore evaluation maps 

ev = (evo,... ,evfc+i) : Mk+i{{R{^),i^Ris)); R, (3) -)■ 

satisfies evk-i o I = ev^. (Our situation is somewhat similar to |F0006] .i If we 
write the structure map of filtered Aoo algebra of L C {R{T,),ujr(^^^) (resp. of 
L C (7?(S), —wr(s))) by (resp. m^) we have an equality 

nifc (ail,..., Xk) = {xk, ..., Xi). 

This implies that the filtered A^o algebra {CF{L), {m^}) is an opposite algebra of 
{CF{L), {m^}). We can generalize this fact to the case we have several Lagrangian 
submanifolds in a straight forward way. It implies (2). 

(3) We remark that dMi 2 = Si U —S 2 . Therefore dM 2 i = —Si U S 2 . 

The moduli space of the connection on the space in Figure 6.2, which we use to 
define HF{^Mi 2 (Ritbi), (L^j ^ 2 )) is isomorphic to the moduli space of the connec¬ 
tion on the space in Figure 6.2, which we use to define HF{^m 2 i (-^ 2 , ^ 2)5 (^i) ^i))- 
In fact such an isomorphism is obtained by the map which sends t to —t. (3) follows 
from this fact. 

(4) follows from Theorem 1 1.1 1 and A^o Yoneda lemma [Fu61 Theorem 9.1] as fol¬ 
lows. The diagonal A C i?(Si„) x i?(Sout) represents the identity functor. Therefore 
Aoo Yoneda lemma implies 

HF{{A, 0), (i7(Mi2, & 12 )) ^ 

On the other hand, Theorem |l.l| (3) implies that the functor represented by (A, 0) is 
homotopy equivalent to the functor associated to (EinX [0,1], &Ei„x[o,il) by Theorem 


HF{{A, 0), (i?(Mi 2 , 612 )) = HF{M, £), 

as required. □ 


1.3 Thus by Theorem o ( 2 ) we have 


show that the theory of relative S'0(3)-Floer homology we 
developed in this paper satisfies (at least certain large portion of) the axioms of 
topological field theory. 


Theorems 6.2 and 6.3 
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We also remark that we can give an alternative proof of |BDl Theorem 2], (which 
is attributed to Floer) over Z 2 coefficient from Theorem 6.3 (4) in the case S is a 
torus. In fact R{T^) consists of one point. 


Remark 6.4. It seems that Wehrheim and Woodward proposed in [WW2| and 
several other papers, to use certain expected properties, which are similar to Theo¬ 
rems [6]^ etc.. as an axiom and use it together with various results in differential 
topology to show the existence and uniqueness of a version of the relative Floer the¬ 
ory. It seems to the author that their idea is, in this way one may avoid studying 
gauge theory of 3 or 4 manifolds directly and can prove the results expected from 
the gauge theory by a combinatorial method. 

An origin of such an idea is Floer’s paper |F13| . where Floer tried to use his Dehn 
surgery triangle as a main axiom to characterize Floer homology of 3-manifolds. 
(See |BD] for certain discussion about it.) The author in [Fu2) . |Fu4| proposed to 
use this Dehn surgery approach to prove Theorem (2), without using analysis 
so much. (This proposal by the author is not yet successful.) 

The distinguished example where this kinds of idea works very much successfully 
is Heegard Floer theory by Ozvath-Szabo. 

In this paper and in this subsection we take opposite route. Namely we define 
functors ^m 2 i directfy by a geometric and analytic method and show its expected 
properties directly without using combinatorial method. 


6.2. Using similar moduli spaces. In this paper, we use the moduli space in¬ 
troduced in |Fu5| or its variant to define and study Floer homology of 3-manifolds 
with boundary. There are several other moduli spaces which are similar to but is 
slightly different from that. 

The moduli space studied by Lipyanskiy in [Ly] is somewhat of similar flavor. 
An element of his moduli space is also a combination of an ASD-connection and a 
pseudo-holomorphic curve. The difference is in place of the metric x(s)^(;s -I- ds^ + 
dt^ Lipyanskiy used direct product metric qy. + ds^ + dt'^ and its ASD-connection. 
He instead introduce matching condition on the line where he switch from ASD- 
equation to pseudo-holomorphic curve equation. Lipyanskiy obtained also remov¬ 
able singularity and compactness results, which are mixture of Uhlenbeck and Gro¬ 
mov compactness. It seems likely that we can use Lipyanskiy’s moduli space instead 
of one in [Fu5] to prove all the results of this paper, though the author did not check 
the detail. 

In |Fu2| and |WeI| the moduli space of different flavor is proposed and estab¬ 
lished, respectively. Namely we study the moduli space of ASD-connections on 
M X K, for example, where M has a boundary dM. We need certain boundary 
condition on dM x M = S x K. Such a boundary condition must be an ‘infinite 
dimensional enhancement’ of the Lagrangian submanifold of R{Tj). The one which 
the author proposed in |Fu2j for this ‘infinite dimensional enhancement’ is different 
from one used in [Wel| . With respect to this point, it seems that the one in |Wel| 
(and not the one in |Fu2| ') is the correct choice. The moduli space studied in |Wel| 
can be used for problems related to those discussed in this paper. 

However if we try to use it, in the same way as we are using the moduli space of 
|Fu5) in this paper, to prove the results of this paper, then there will be an issue. 
Let us explain this issue briefly. 
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Let L be an immersed Lagrangian submanifold of RiY,). We consider ASD 
equation on M x M. (Here the metric we use near dM x K is gs + ds^ + dt^ and does 
not degenerate.) We use L to define a boundary condition as in |Wel| . Requiring 
asymptotic boundary condition as t —>■ ±oo using a± € R{M) Xjj(s) L in the same 
way as Definition 2.6 (3), we can define a moduli space M'{{M,S),L-,a-,a+;E) 
and try to use it (instead of Ai{{M,£),L;a-,a+;E) in Definition 2.9) to define 
HF{{M,£),L). As is shown by Salamon-Wehrheim |SaWe| this story works as far 
as L is embedded and monotone, since all the codimension one boundaries are of 
the form 

M'{{M,£),L-,a-,a;Ei) x M'{{M,£),L;a,a+;E 2 ), 
in that case. In case L is immersed or is not monotone, we need to combine this 
construction with the story of bounding cochains, since a disk bubble may produce 
codimension one boundary component. For this purpose it seems that we need to 
glue an element of A4'{{M, £), L; a_, a+; E) with a pseudo-holomorphic disk which 
bounds L. Namely we need to introduce £), L\ a_, a+; A), an analogue of 

A4k{{M,£),L;a-,a^;E) in Definition 2.16[ (where k is the number of boundary 
marked points) and show that the fiber product 


^'ki a_, a+; Ai) ev* ^evo AI/c2+i(L; E 2 ) 


(6.9) 


appears at the boundary oi M'i^^_^_i.^_i{{M,£),L;a-,a+;Ei + A 2 ). 

The gluing analysis which we need to prove this statement is extremely difficult. 
Let me elaborate this point more. Let us start with an element ((21, z), {u,z')) of 
(6.9). The point u{zq) G R{Y) is the gauge equivalence class of 2 l|sx{ 2 i}- The 
usual method for gluing is to regard m as a family of flat connections and put it 
near S x {zi} and try to glue it with 21. The issue is we need to take a conformal 
diffeomorphism from a small neighborhood of Zi to the domain of u so that the 
family of fiat connections u is supported in this small neighborhood of Zi after 
reparametrization. When we scale it so that the diameter of the domain of this 
family of fiat connections becomes something like 1 , then the metric becomes 


4-5S + ds^ + dt^. 

We observe that the family of flat connections u actually is very far from being a 
solution of the ASD-equation with respect to the scaled metric. It would be close to 
the ASD-connection if the factor ^ were very small. However this factor is actually 
very large. By this reason the standard way of gluing does not seem to work. 

We remark that the situation is different in the case when we consider the 
same gluing problem for the moduli space AIfc((M, £), L; a_, a+; A) in Definition 
|2.16[ which we use in this paper. In fact, an element of this moduli space is 
(21, 3 , to, D, M, z) where u is a genuine pseudo-holomorphic curve to R{Y) in a neigh¬ 
borhood of the boundary. Therefore, gluing an element of Mk{{M,£),L-, a-,a^;E) 
with a pseudo-holomorphic disk is similar to the gluing between two pseudo-holomorphic 
disks. In other words, if we have an appropriate Fredholm theory, we can work out 
the gluing analysis, in a way similar to those written in various literatures, eg. 
[FOOO 2 I Sections 7.1.4 and A.1.4]. The situation seems to be similar in the case 
of Lipyanskiy’s moduli space. 


On the other hand, if we restrict ourselves to the situation when R{M) is em¬ 
bedded in R{Y) then it is likely that the moduli space of |Wel) can used to prove 
for example Corollary |I.2| The proof could be in 4 steps. 
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(Step A) Let Li, L 2 be two embedded monotone Lagrangian submanifolds in R(T,). 
Let a± G Li n L2. We consider S x [—1,1] x M and study ASD connections on it 
under the boundary condition which is induced by Li on E x {—1} x M and L 2 on 
E X {1} X K and asymptotic boundary conditions given by a_ and a+. Counting the 
solution in case its virtual dimension is 0, we obtain a matrix coefficient {d^a -, a+). 
It gives a boundary operator d'^ on the Z 2 vector space with basis Li n ^2- The 
monotonicity implies that d^od'^ = 0. Let iLF(Li, L2)®™®® be its homology group. 
This step is already worked out in |SaWe| . in a harder case when the bundle on E 
is a trivial SU (2) bundle. 

(Step B) We can use pseudo-holomorphic strip and define Floer homology of La¬ 
grangian intersection HF{Li, L 2 ). (This step was done by Oh [Ohj .l 
(Step C) It may be possible to use adiabatic argument in a way similar to m to 
show HF{Li,L 2 ) = 

(Step D) We consider the case d{Mi,£i) = —d{M 2 ,S 2 ) = (E,£s) and suppose 
R{Mi) and R{M 2 ) are both embedded Lagrangian submanifolds of i?(E). It seems 
that we can prove an isomorphism HF{M,£) = iLF(i?(Mi), i?(M2))®®'“®® in a way 
similar to Section of this paper as follows. We consider the domain W as in 
Figure 5.1 and Condition |5.6| We glue —M 2 x M to d 2 W and Mi x K to d^W in 


the same way to obtain the 4 manifold Y. This time we consider the direct product 
metric gs -I- ds^ + dt"^ on E x W. We consider the set of gauge equivalence classes 
of connections, which are ASD connections on Y with respect to this metric and 
which satisfy the boundary conditions induced by R{M2) on diW and by R{Mi) 
on 94VF. We can use this moduli space to construct a chain map from CF{M,£) to 
C'F(i?(Mi), i?(M2))®“®®, which is congruent to the identity map. Using the basic 
analytic results of [SaWej it is very likely that we can work out the detail of this 
proof. 

Let us consider the case when the bundle fs is a trivial 51/(2) bundle, especially 
the case of handle body M. This is the case of Atiyah-Floer conjecture in its original 
form. In this case i?(E) is not a symplectic manifold since it has a singularity. 
Nevertheless as far as (Step D) concerns, there may not be so much big difference 
between this case and the case of nontrivial 50(3) bundle on E. Namely we may 
be able prove the isomorphism 

HF{M) ^ iLF(i?(A/i), i?(M)2))®“®® (6.10) 

as follows. Here Mi, M2 are handle bodies whose boundaries are E. R{Mi) is the 
space of flat connections on Mi regarded as a Lagrangian submanifold of i?(E). The 
closed 3 manifold M, which we assume to be a homology 3 sphere, is obtained by 
gluing Ml and M 2 along E. The left hand side is a Floer homology of 3 manifold 
M defined by Floer |F11] and the right hand side is defined by Salamon-Wehrheim 


[SaWe] . Here we consider trivial 517(2) bundles. We remark that (6.10) is |We21 
Conjecture 4.3]. 

We consider E x IF where W is as in Figure 5.1. We glue M2 x K and Mi x M to 
E X 92 IF and E x d^yV respectively and obtain X. We put direct product metric 
g-z -\- ds^ + dt^ on E X IF and extend it to Y. 

Fora_,a+ G R{M) = i?(Mi)ni?(M2) we consider the moduli space AI'(F; a_, a+; 
of ASD-connections on Y of energy E such that: 

(1) On E X i9iIF it satisfies the boundary condition of Wehrheim [Welj induced 
by R{M 2 ) C i?(Ei). 














FLOER HOMOLOGY OF 3-MANIFOLDS WITH BOUNDARY 


77 


(2) On S X d 4 W it satisfies the boundary condition of Wehrheim [Wei] induced 

by C 

(3) On the end where Rez —)■ -foo, it will converge to a+. 

(4) On the end where Rez —)■ —oo, it will converge to a_. 

Note at the end where Imz —>■ -|-oo we use the fundamental class R{M 2 ) as the 
asymptotic boundary condition and on the end where Imz —>■ —oo we use the 
fundamental class R{Mi) as the asymptotic boundary condition. It seems that 
these conditions are automatically satished from our assumption that the energy is 
finite. We however need some argument to prove it since does not satisfy 

[SaWel Condition L.3] when we consider Mj as the 3 manifold. (Note the 3 manifold 
which we denote by Mi above, is denoted by Y in [SaWel page 748].) 

Using the moduli space A4'(F; a_, a+; U) in case its virtual dimension is 0 we 
may obtain matrix elements of the map 


$ : CF{M) CF{R{Mi),R{M2)) 


between chain complexes defining left and right hand sides of (6.10). To show that 
this map <i> is a chain map we consider the moduli space, A4'(Y ; a_, a+; E), in case 
its virtual dimension is 1. We consider its boundary. The possibilities are 


(I) ASD connections escape to the direction Imz —>■ +oo. 

(II) ASD connections escape to the direction Imz —)■ — oo. 

(III) ASD connections escape to the direction Rez —)■ —oo. 

(IV) ASD connections escape to the direction Rez —)■ +oo. 


Using monotonicity in the same way as the proof of Proposition |3.10] it seems that 
we can show that there is no contribution from the end of types (I) and (II). (We 
need some argument at this point also since R{Mi) contains reducible connections.) 
(The monotonicity also implies that there is no contribution from the bubble at 
S X diW and E x diW.) 

The ends of type (III) (resp. of type (IV)) gives the boundary operator of the 
left hand side (resp. right hand side) of (6.10) composed with $. Therefore we may 
be able to prove that is a chain map in this way. 

The set of zero energy solutions AI'(V; a_, a+; 0) is the empty set if a_ ^ a+ 
and consists of a single point a if a = a_ = a_|_. Therefore $ is congruent to the 
identity map modulo A+. 

We thus sketched a possible way to prove (6.10). 


Note (Step A) in the case of handle bodies is established by Salamon-Wehrheim 

[Si^ . 

Therefore, according to the author’s opinion, (Step B) is the most difficult part 
which remains to be worked out to prove Atiyah-Floer conjecture based on the 
argument summarized above. Here (Step B) means: finding correct notion of La- 
grangian intersection Floer homology for a pair of Lagrangian submanifolds in the 
singular space R(E), by using pseudo-holomorphic map to i?(E). (Note this step 
had been done by Oh in case R(E) is smooth.) 

We also remark that in the proof of removable singularity theorem and compact¬ 
ness theorem in [Fn5| . the author used the fact that all the elements of R(E) are 
irreducible. So to use the moduli space of [Fu5| to study Atiyah-Floer conjecture 
in the original case of handle body, we first need to improve this point. 
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6.3. Cobordism method and degeneration method. In [DS] the key idea of 
the proof of their main theorem, which is equivalent to Corollary |1.2| in the case 
Ml = M2 = S X [0,1], is studying an adiabatic limit, where E collapses to a point. 
The method of this paper does not study this degeneration directly but replace 
it by a cobordism argument]^ In other words, we bypass some of the difficult 
analytic issue by using cobordism argument. We remark that the idea proposed in 
|We2[ Section 4] to prove Atiyah-Floer conjecture (in its original form) is based on 
degeneration analysis, which is harder than |DSj . 

A similar point appears also when we consider the related problem of the study 
of Wehrheim-Woodward functoriality i |WWl] b At the most important point of 
their work, Wehrheim-Woodward used strip shrinking, which is of a similar flavor 
as taking adiabatic limit. Then it appeared interesting and deep problem of figure 
eight bubble. In [WW1| . figure eight bubble is excluded by using monotonicity. 
The main idea of Lekili-Lipyanskiy in m is to replace difficult analytic problem 
of strip shrinking by a cobordism argument. 

If we go beyond the monotone case, the effect of figure eight bubble becomes 
nonzero while studying strip shrinking. In the recent works by Bottman |Bo| . 
Bottman-Wehrheim |BW| , several important facts are discovered about figure eight 
bubble. There are certain heuristic discussions on the moduli space of figure eight 
bubbles in [BW| . 

The author conjectured that the moduli space of figure eight bubble gives a 
bounding cochain in the sense of [FOOOl] of the filtered A^o algebra associated by 
[S3] to the immersed Lagrangian submanifold obtained by the Lagrangian corre¬ 
spondence. 

If the author’s conjecture is correct, then it is also very likely that this bounding 


cochain (up to gauge equivalence) coincides with one we obtained in Theorem 3.13 


We emphasize that as far as analytic results concern we need only well-established 
or standard results to prove Theorem |3.13| Especially we do not need to study 
strip shrinking or figure eight bubble. In other words, we replace difficult analysis 
by an algebraic lemmrj^ (Proposition 3.51. This is similar to Lekili-Lipyanskiy’s 
argument which replaces strip shrinking by a cobordism argument. Actually the 
starting point of author’s research, which leads to this paper, was to try to generalize 
Lekili-Lipyanskiy’s method and combine it with the obstruction-deformation theory 
of |F0001| and immersed Laeraneian Floer theorv of m- 
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